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Introduction 



Mock ^-functions 

Early in 1920, three months before his death, S. Ramanujan wrote his last letter to G.H. 
Hardy. For the mathematical part of this letter see [5T] pp. 127-131] (also reproduced 
in [4]). In the course of it he said: "I discovered very interesting functions recently 
which I call 'Mock' ^-functions. Unlike the 'False' ^-functions (studied partially by 
Prof. Rogers in his interesting paper [55]) they enter into mathematics as beautifully 
as the ordinary ^-functions. I am sending you with this letter some examples." He 
then provided a long list of mock $- functions, together with identities satisfied by 
them. The first three pages in which Ramanujan explained what he meant by a mock 
^-function are very obscure. 

G.N. Watson wrote the first papers ([55] and [57]) to elucidate the mock ^-functions. 
The first of these is Watson's Presidential Address to the London Mathematical So- 
ciety in 1935. He entitled it "The Final Problem: An Account of the Mock Theta 
Functions." In it he writes: "I make no apologies for my subject being what is now 
regarded as old-fashioned, because, as a friend remarked to me a few months ago, I am 
an old-fashioned mathematician." His methods may have been a bit old-fashioned, but 
looking at the number of articles on mock -^-functions that have appeared since 1935, 
or even in the last ten years, we must conclude that the subject is still up-to-date. 

In these two papers, Watson proves most of the assertions found in the letter of 
Ramanujan. The first paper considers only the third-order functions. It provides 
three new mock ^-functions not mentioned in the letter. The bulk of the paper is 
devoted to the modular transformation properties of these functions. To get these 
transformations, he first proves certain identities. For example, for the third order 
mock ^-function 



/(«):=! + 



4 9 

q q 



(l + q) 2 (l + g) 2 (l + <z 2 ) 2 (l + g) 2 (l + g 2 ) 2 (l + 9 3 ) 2 
he finds: 
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with q = e 27rir , r e J{ := {r E C | Im(r) > 0}, and (q)^ = fl^it 1 - ?") = ?~*"7(t), 
where 77 is the Dedekind eta-function. 

In Watson's second paper on mock ^-functions, he moves on to the fifth order 
functions. He manages to prove all of the identities given by Ramanujan in his letter. 
However, he is unable to find the modular transformation properties, simply because 
he is unable to find identities like ([T]) for the fifth order functions. He even expressed 
his doubts about finding anything comparable to ((T|). However Andrews (see [2]) was 
able to find comparable results for most of the fifth order functions. For example, for 
the fifth order function which Watson denotes by /o one finds 

/o(«) = t^EE (-i)M- 2+ ^ 2 (i - <? 4 " +2 ), 

n>0 \]\<n 

which may be rewritten as 

/o(<z) = t-M E - E ] (- 1)¥ " 2+w - (2) 

Woo \n + j> Qn _j> n+j<0,n-j<oJ 

The seventh order functions were mostly neglected by Watson, perhaps because 
Ramanujan makes no positive assertions about them. However A. Selberg (see |23j ) 
provides a full account of the behaviour of the seventh order functions near the unit 
circle. In [12, pp. 666] we find identities similar to @ for the seventh order mock 
$- functions 3o, 9i and 3 r 2- For example (slightly rewritten) 



Sb(ff) = 7-p I 2J " 2J I (-l) r+s 9 ir2+4rs+is2+ ^ + H (3) 

\HJ00 I r,a>0 r,s<ol 

In [TT] L. Gottsche and D. Zagier consider sums like the ones in ^j and $5§. 
They call them theta-functions for indefinite lattices. For some special cases they find 
modular transformation properties for these functions. However, these results do not 
include the sums in ^ and Q ■ In [20] , a theorem about the modularity of a certain 
family of g-series associated with indefinite binary quadratic forms is given. Again, 
the results do not include the sums in @ and ([3]). 

This thesis 

This thesis is the result of my research on the following two questions, both posed by 
Don Zagier: 

1 . How do the mock i?-functions fit in the theory of modular forms? 

2. Is there a theory of indefinite theta functions? 




This thesis 



Since most of the mock ^-functions had been related to sums like the one in ([T]) , I first 
considered this type of sum. The result of this research is Chapter 1. In it we consider 
the series 



E 



/ i \n p Tri(n +n)r+27i 



1 p27rmT+27rm 

n€Z 



(rS Oi,v€C,u€ C\(Zr + Z)). 



This function was also studied by Lerch in [TS] (see [13] for an abstract). Therefore 
we call this a Lerch sum. This sum is of the same type as the sum in |T|). The 
function does not transform like a Jacobi form. However, we find that on addition of a 
(relatively easy) correction term the function does transform like a Jacobi form. This 
correction term is real-analytic. 

In Chapter 2 we consider certain indefinite ^-functions, in an attempt to give 
a partial answer to the second question. These indefinite ^-functions are modified 
versions of the sums considered by Gottsche and Zagier in [TTJ . We find elliptic and 
modular transformation properties for these functions. Because of the modifications 
the indefinite $- functions are no longer holomorphic (in general) . Although the results 
in this chapter are more general than the results in [llj . the second question is far 
from being solved. This is because we only consider indefinite quadratic forms of 
type (r — 1, 1). It remains a problem of considerable interest to develop a theory of 
theta-series for quadratic forms of arbitrary type. 

In [3] Andrews gives most of the fifth order mock theta functions as Fourier co- 
efficients of meromorphic Jacobi forms, namely certain quotients of ordinary Jacobi 
theta-series. This is the motivation for the study of the modularity of Fourier coeffi- 
cients of meromorphic Jacobi forms, in Chapter 3. We find that modularity follows on 
adding a real-analytic correction term to the Fourier coefficients. 

In Chapter 4 we use the results from Chapter 2, together with ([2|), (J3j) and similar 
identities for other mock $- functions, to get the modular transformation properties of 
the seventh-order mock ^-functions and most of the fifth-order functions. The final 
result is that we can write each of these mock ^-functions as the sum of two functions 
H and G, where: 

• H is a real-analytic modular form of weight 1/2 and is an eigenfunction of the 
appropriate Casimir operator with eigenvalue 3/16 (this is also the eigenvalue of 
holomorphic modular forms of this weight; for the theory of real-analytic modular 
forms see for example 16 s Ch. IV]); and 

• G is a theta series associated to a negative definite unary quadratic form, i.e. has 
the form ^2 s g n (/)/3(2/ 2 2/)e~ 7Tl ^ T-2mfb^ w ]- iere j ranges over a certain arithmetic 
progression aZ + b (a.b G Q), r = x + iy e % and /3(x) = ^ u^^e~' KU du. 
Moreover G is bounded as r tends vertically to any rational limit. 

This decomposition is thus similar to the one found in [29] for an Eisenstein series 
of weight 3/2, the holomorphic part of the series, in that case, having class numbers 
as Fourier coefficients. 
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Many of the results of Chapter 4 could also be deduced using the methods from 
Chapter 1 or Chapter 3 instead of Chapter 2, i.e. we have actually given 3 approaches 
to proving modularity properties of the mock ^-functions. 



Chapter 1 

Lerch Sums 

1.1 Introduction 

In this chapter, we first study a function h, which is essentially the function tp studied 
by Mordell in [17] and [18] . We reproduce some of the results of Mordell. In the next 
section we study a function /i, which is essentially a function studied by Lerch in [15] . 
We find elliptic and modular transformation properties of this function. One of these 
transformations involves the function h: 

1 ^(u-vf/rfU^ V _ I \ + (Uj v . t) = 1 h{u _ v . T y 

y— it Vr t t/ li 

In section 4 we find a real-analytic function R with essentially the same elliptic and 
modular transformation properties as [i. Combining the properties of [i and R we find 
a real-analytic function fl, which transforms like a Jacobi form. 

In the last section we relate ft. to a period integral of a unary theta function of 
weight 3/2. 

1.2 The Mordell integral 

In this section, we present results of Mordell found in [T7] and [TH] , in a form suitable 
for the purpose of this chapter. The function h defined in Definition [TTT] is essentially 
the function ip studied by Mordell: ip(x;r) = -±Te-™ T / i+mx h(x - \ + |;r). The 
same function was used earlier by Riemann (as described by Siegel [24) to prove the 
functional equation for the Riemann zeta function. Mordell was the first to analyze 
the behaviour of this integral relative to modular transformations. Consequently we 
shall refer to this integral as the Mordell integral. 
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Definition 1.1 For z <G C and reM set 



^Tzirx — 2tzzx 



h(z) = h(z; t) :— / : dx. 

J R cosn7rx 

Proposition 1.2 The function h has the following properties: 

(1) h(z) + h(z + 1) = -^ e "(^+2) 2 /r 7 

(2) h(z) + e- 27Tlz - mT h{z + r) = 2 e - 7Tlz - 7TlT ^ , 

(3) z i— ► /i(z; t) is i/ie unique holomorphic function satisfying (1) and (2), 

(4) /i is an even function of z, 

(5) h(l;-\) = yf^e-™ ^ T h(z;r), 

*i „ e Kiz 2 /(r+l) . z T \ 

(6) h(z-,T) = e-h{z;T+l) + e-- ^^ hi——;—— . 

Vt + 1 Vr+1 T + l/ 

Proof: (1) We have 

r p -iriTX — 2-jrzx r 

h(z) + h(z + l)= / = (l + e- 2 ™)dx = 2 / e" ra: - 27rx(z+ ^ rfx. 

This last integral is well known and equals i e 7r »( z +2) / T . 

° \f —IT 

(2) If we change a; into x + i we find 

/■ p iriTX — 2-kzx r p Kir(x-\-i) —2ttz(x+i) 

/ dx= / — dx = -e- 27rlz - mT h(z + T). 

jR+i cosh7rx J R cosh7r(x + i) 

Now using Cauchy's theorem we find 

h(z) + e- 2mz -" T h(z + r) = / - / dx 

\Jr Jr+iJ cosh the 

p nirx —Itxzx 

= 27ri Res = 2e- mz - mT ' A . 

x=i/2 COsh7TX 

(3) If we have two holomorphic functions hi and hi both satisfying the two equations, 
their difference / = h\ — hi is a holomorphic function satisfying: 

f/(z) + /(z+l) = 

\f{z) + e- 2v "- viT f(z + t) = 0. 

So f(z + mT + n) = ^i)^+n e ^m 2 r+2K lm z ^ Zo y Lctting Zq vary over a fundamental 
parallelogram [0, 1)Z + [0, 1) and m,n vary over Z, we see that f(z) is bounded and 



1.3 Lerch sums 



tends to as Im(z) — ► oo, so / = by Liouville's theorem. 

(4) Replace x by — x in the integral. 

(5) Let g{x) = cos l 17TX - We first compute the Fourier transform Jg of g: Using Cauchy's 
formula we get 

p 2irizx 

■ dx = 2m Res = 2e~ wz , 



but 



R Jn+iJ COSh7TX x=i/2 COSll7rx 



p 2isizx f p 27riz(x+i) 

■dx= — : dx = -e- 2lTZ I — dx, 



'R4 
so we find 



cosh7rx J R cosh7r(x + i) J R cosh 

f p 2irizx o„ — 7TJ2 

(3g){z):= / dx= - = g(z). 

J R cosh7rx 1 + e lvz 

We see that g is its own Fourier transform! (Note the unusual plus sign in the definition 
of the Fourier transform) . 

Let f T (x) = e K%TX , r G "K. The Fourier transform of f T is given by 



We now see 

a 7zirx +2tzizx 



e 

dx = 5{f T ■ g)(z) = (J/ r ) * (?g)(z) 



R COsh TTX 



1 1 f e 7ri ^~ ( - z ~ x ^ 2 
^==/_ i * a{z) = r -^- / r dx - 

— IT T \/—lT Jb. COSh7TX 



This identity holds for z E R. Since both sides are analytic functions of z, the identity 
holds for all z £ C. If we replace z by iz we get the desired result. 

We may also prove the identity of part (5) by using (1) and (2) to show that 
z i— > -r=. e nlz / r /i(f ; — ^) also satisfies the two equations (1) and (2). By uniqueness 
we get the equation. 

(6) Using (1) and (2) we can show that the right hand side, considered as a function 
of z, also satisfies (1) and (2). The equation now follows from (3). □ 



1.3 Lerch sums 

In this section we will study the function 

/ 1 \n „7ri(n +n)r -\-2irinv 

E _ ea ^ W . (re^veC,ueC\(Zr + Zj). 

ngZ 



Chapter 1. Lerch Sums 



This function was also studied by Lerch. The original paper [T5] is in Czech and is 
not very easy to obtain. See [2] for an abstract in German. We will prove elliptic 
and modular transformation properties of this function in Proposition 11.41 and 11.51 
respectively. These results are equivalent to the results found by Lerch. 

It is more convenient to normalize the above sum by dividing by the classical Jacobi 
theta function d. (Lerch did this too.) We will first give, without proof, some standard 
properties of $. For the theory of ^-functions see [T5] , 



Proposition 1.3 For z G C and reM define 

0(*)=0(«;r):= J2 e™ 2T+2 ™ {z+ i } . 

Then $ satisfies: 

(1) 0(*+l) = -0(*). 

(2) d{z + T) = -e- mT - 27Ilz §{z). 

(3) Up to a multiplicative constant, z i— v ~d{z) is the unique holomorphic function 

satisfying (1) and (2). 

(4) 0(-«) = -0(«). 

(5) The zeros of $ are the points z = nr + m, with n,m(£ Z. These are simple zeros. 

(6) i?(z;r + l) =eT^; T ). 

(7) ^(f;-i) = -zv^Fe" z2 /^(z;r). 

CO 

(8) 0(«;t) = -H7*C~* Y[(l - q n )(l - C^ 1 )^ - C 1 ^ 1 ), withq = e 2mT , C, 

This is the Jacobi triple product identity. 

(9) i)'(0;r + l)=eTtf'(O;r) and #(0;-±) = (-ir) 3 / 2 #'(0;t). 

(10) i?'(0;r) = — 27tt7(t) 3 , ww£/j 77 as in the introduction. 
We now turn to the normalized version of Lerch's function: 

Proposition 1.4 For u, v G C \ (Zr + Z) and r G IK, define 

p Tviu / i\n p Tti(n +n)r+27rinv 

u(u,v) = u(u,v;t) := r > =—. — -^—. . 

Then fj, satisfies: 

(1) fi(u + l,v) = -fi{u,v), 
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(2) [i{u,v + 1) = -ft(u,v), 

(3) H{ U , V) + e -^i(u-v)-niT ^ + T ^ V ) = _ ie -*i{u-v)-KiT/i^ 

(4) n(u + t, v + t) = fi(u,v), 

(5) fi(-u,-v) = n{u,v), 

(6) u i— * [J,(u, v) is a meromorphic function, with simple poles in the points u = nr + m 

(n,m £ Z), and residue ^^73- in u = Q, 

(7) fi(u + z,v + z)- n{u,v) = 



2ni #(u)i?(u)i?(u + z)i?(v + z) ' 

/or u, v, u + z, v + z £ Zt + Z, 

(8) n(v,u) = fJ.(u,v). 

Proof: (1) is trivial and (2) follows from (1) of Proposition 1 1.31 
(3) The definition of $ gives the following: 



■ — TTiT/4+TTiVMf \ _ \ ^ iy\n ■Ki(n 2 — n)T+2-Kinv 

7l£Z 

/ i \n~Tri(n — n)r+27rmv 

V ( ~ lj e (i 

Z. / 1 p 2-ninT+2-Kiu V 



2irinr +27rm\ 



ngZ 



/ i \n ~Tri(n +n)r+2Trinv ( i \n~Tzi(n -\-n)T+2irinv 

_ e 2mv V^ l - - 1 -^ e e 27rm V^ l~-U e 

/ ^ 1 p2iTinT +2iti{u+T) L. 1 \ g27rinr+27riu 

riGZ ' nEZ 



Dividing both sides by — e Rm d(v) 1 we get the desired result. 
(4) Part (2) of Proposition [j~3l gives 



p -ni(u-\-r) / -| \n p -Ki(n +n)r+2-7rm(i;+r) 

u(u + t,v + r) = —. > — 



C 



r Ki(u-\-T) J r 7tiT-\-2-Kiv / i \n iri(n -\-3n)r+277inv 



E^ 



v ' n£Z 

Replace n by n — 1 in the last sum to get the desired result. 
(5) If we replace n by — n in the definition of fj, we see 

•Kiu / -i \n ixi{n — n)T— 27rmt) 

l l \ U T V ) — ^/ \ 2.^1 I _ e -2irinT+2TTiu ' 

_ 2TiinT-2-niu 

We multiply by _ e -i^i nT -- 2 ^i u to find 



n —iriu ( i \n ~-Ki(n J r n)T—2iTinv 

v ' n£Z 
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Now using (4) of Proposition 11.31 we find 

n(u,v) = n(-u,-v). 

(6) From the definition we see that u i— ► fi(u, v) has a simple pole if 1 — e 27rmr + 27 ™ M = o, 
for some n € Z. So«i-> m( u > w ) nas simple poles in the points u = —nr + m (n, m € Z). 
The pole in u = comes from the term n = 0. We see 

lim ufi(u,v) = . lim 



u— >o 



#(u) u—o 1 - e 2 ™ 27tj #(u) ' 



(7) Consider f(z) = #(u + z)i9(v + z) (fi(u + z, v + z) — n(u, v)). Using (1), (2) and 
(5) of Proposition [Ol and (1), (2), (4) and (6) of this proposition, we see that / has 
no poles, a zero for z = 0, and satisfies 

(f(z + l) = f(z) 

| j( z _j_ T \ _ e -2TriT-2iTi(u+v+2z) f( z \ 

It follows that the quotient f(z)/d(z)d(u + v + z) is a double periodic function with 
at most one simple pole in each fundamental parallelogram, and hence constant: 

f{z) = C(u,v)&{z)&{u + v + z). (1.1) 

To compute C we consider z = — u. If we take z = —u in (11. ip we find 

/(-«) = C(u, v)0(-u)0(«) = -C(«, w)0(u)0(v) (1.2) 

by (4) of Proposition [T73l 
By definition we have 

/(— u) = lim $(w + z)'&{v + z) (fi(u + z,v + z) — /i(u, v)) 

z — > — u 

= fl(v — u) ■ lim &(z)n(z, v — u) /■, o\ 

•&{z) . 1 

= fllv — u) • lim • lim zu(z, v — u) = — — — f?'(0), 

z^O z z— >o 2iri 

where we have used (6). 

Combining (|1.2|) and (|1.3|) gives the desired result. 

(8) Take z = — u — v in (7) and use (5) of Proposition 1 1 . 31 to find 

n(-v,-u) = n(u,v). 

If we now use (5), we get the desired result. □ 



Proposition 1.5 Let \x be as in Proposition \l .4\ Then p. satisfies the following mod- 
ular transformation properties: 
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(1) h(u,v;t + 1) = e^ 2 Tfi(u,v;r), 

(2) -L= e -(— ) 2 / V (^ v _. _l\ + ( t) = i. h{u _ r) 

™i/i ft, as in Definition \l.l\ 

Proof: (1) Use (6) of Proposition [Ol 

(2) Replacing (u,v,z,t) by (-,-,-,—-) in (7) of Proposition fOl and using (7) and 
(9) of Proposition 1 1 .31 we see that the left hand side depends only onti-u, not on u 
and v separately. Call it -^h{u — v;t). Using (1) and (3) of Proposition ll.4l we see that 
h satisfies the two identities (1) and (2) of Proposition 11.21 so if we can prove that h 
is a holomorphic function, then we may conclude that h = h, as desired. 

The poles of both u i— ► n(u,v) and u i— > ^(7,7;— 7) are simple, and occur at 
11 e Zt + Z, so the only poles of u 1— > h(u — v) could be simple poles for u £ Zr + Z. 
Since this is a function of u — v it has no poles at all, and hence is holomorphic. 

Alternatively, we can check, using (6) of Proposition 11.41 and (7) of Proposition 
11.31 that the residue at u — vanishes. By (1) and (3) of Proposition [l~4l the residues 
vanish for all u £ Zt + Z, hence h is holomorphic. □ 



1.4 A real-analytic Jacobi form? 

Definition 1.6 For z £ C we define 

(-7T)" Z 2n+1 



E{z) = 2 f e - nu2 du = y] 

Jo „_n 



n\ n + 1/2 

n=0 ' 

This is an odd entire function of z. 

Lemma 1.7 For z £ R we have 

E{z) = sgn(z) (1 - P(z 2 )) , 

where 

(3{x) = / u - *e -1r,, du (a;GR>o). 

Proof: Write J Q Z e - *"" dw as sgn(z) J^ e~ 7ru du and substitute u = ^/v. □ 

We consider for u £ C and t£ M the series 



R(u;t)= ]T {sgnH-^^ + a)^)}!-!)^^-™^- 2 - 



— Znii/u 



v£±+Z 



with y = Im(r) and a = y 



Im(u) 
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Lemma 1.8 For all c, e > 0, this series converges absolutely and uniformly on the set 
{u G C, r G "K | \a\ < c, y > e}. TTie function R it defines is real-analytic and satisfies 

^(«;r) = x/22r 1/2 e- 2 ™ 2 ^(u;-T) (1.4) 



and 




^-R{aT-b;T) = —e- 2 ™ 2y V (-l)"-3(i/ + a ) e -™ 2 "r-27™,(^-*>). / L5 ) 

dr y/2y *-f 

Proof: We split sgn(f) — E((v + a)y/2y) into the sum of sgn(V) — sgn((f + a)^/2y) 
and sgn((^ + a)\/2y)j3{2(y + a) 2 y). We see that sgn(^) — sgn((f + a)\/2y) is nonzero 
for only a finite number of values v G ^ + Z (this number depends on a, but since a is 
bounded, so is this number). Hence the series 



J2 {sgn(v)-sgn((v + a)^)}(-iy-h-™ V " 



converges absolutely and uniformly. 

We can easily see that < /3(x) < e^ 1TX for all x G R>o, hence 



— ■k^ — Triv T — 2-nii>u 



{sgn(V + a) V2y)/?(2(^ + afy) } (-l)"-*e 

^ — 27r(V+a) y — 7my r — 2izii>u 

We have the inequality 

for \i/\ > i^o, for some fo G R which depends only on c (a is bounded by c). Hence we 
see that the series 



J2 {sgn(V + a)y/2y)0(2(i, + afy) } (-1)-^-^^ 



converges absolutely and uniformly on the given set. 

Since i? is the (infinite) sum of real-analytic functions, and the series converges 
absolutely and uniformly, it is real-analytic. 

We fix t G "K, and determine u — ar — b by the coordinates a, b G R. We see 

^ +T |) E {8gn(")-B((" + a)v^)}(-ir*e-*^ T - a -*'("- 6 ) 
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= — 2-v/2u y^ e -27r(i/+a) 2 y/_ ^iy-i e -7rii/ 2 r-27rw(ar-b) 

= -2iV2ye- 2 ™ 2 ^(ar - 6; -r), 



with i? as in Proposition ! 1.3I and the term-by-term differentiation being easily justified. 

-4= = — 



Since -§= = ^r (^ + t ^j)i this gives the differential equation (|1.4j) . Similarly 



—R(ar - b; r) 

OT 

= Ut +i l) £ {^M-^+«)^}(-ir*e-^ 2 — (-» ) 

j 1 



proving equation (|1.5|l . □ 



Proposition 1.9 TTie function R has the following elliptic transformation properties: 

(1) R{u + 1) = -R(u), 

(2) i?(u) + e- 27r ™- mT i?(u + r) = 2 e -™- mr / 4 ; 

(3) R{-u) = R(u). 

Proof: Part (1) is trivial, and for (3) we replace v by —v in the sum and use the fact 
that E is an odd function. To prove (2), we start with 

e' 2 ™-™ R{u + t) 



— 27riu—nir 



53 {sgnH -E(fu + a+ l)v^v) } (-1)"- V™^- 2 ™^) 
^ { 8 gn(i/ - 1) - ^((r/ + o)v^) } (-l)"-5e-"" ' r ~ 2nivu , 



j/ei+z 
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where we have replaced v by v — 1. We now find 

R{u)+e- 2nu - 7T " R{u + t) 

= ^ (sgn(^) - sgn(z/ - 1) j(_ 1 )^ e -™' 2 T-2™« = 2e -Kiu-Kir/i^ 

since sgn(i/) — sgn(i/ — 1) is zero for all v € | + Z except for 1/ = i. □ 

Proposition 1.10 i? /ias i/ie following modular transformation properties: 

(1) %;T + l) = e"T%; T ), 

(2) — l^e^^Rf-;--) + R(u; t) = h{u; t) . 
y/—ir Vt t/ 

Proof: Part (1) is trivial. The left hand side of (2) we call h(u;r). Using (1) and (2) 
of Proposition II .91 we can see that h satisfies: 

jh(u) + Hu + 1) = -^ e ™(«+f) 2 /-r ; 
\h(u) + e~ 2mu - mT h(u + r) = 2er m - mT ^. 

Part (3) of Proposition [L2"l determines h as the unique holomorphic function with these 
properties. This reduces the proof to showing that h is a holomorphic function of u. 

We fix t G "K, and determine u = ar — b by the coordinates a, b € R (this implies 
a = ]™/"| as in Lemma IT75T) . Since J= = j- (^+ T ^): we have to show that 

aa aft/ 
According to Lemma 11.81 we have 

- + r— i?(ar - 6; r) = -2iy/2Jje- 2 ™'yd(aT - b; -r) (1.6) 

_oa ab ' 

We have 

« + ^ R r«Lz». _iU T f ' + 1^ « ^ -i, -I 



9a 96/ \ t r/ \<96 rdaj \ t' t 

Up to a factor r this is the same as (Jj + tJ^) i?(ar — 6; r), with (a, 6, r) replaced by 
(6, —a, — -). Hence by (|1.6p we find 



d d \ ( ar — b 1 

T^+T— ) R 



da db I \ t 



; -i) = -2iT^e- 2 * b2 y'$ (- h - + a; ~) 
:2j rV27e- 2 ^(-^;i), 
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with y' = Im(— i) = 4=. In the last step we have used (4) of Proposition 1 1.31 

If we now use (7) of Proposition 11.31 with z — of ~ b and r replaced by — r, we see 

that this equals 



(1.7) 



2iry/2y 1 e- 2 ' rb2y ' ■ -iVi¥e- m{aT - b ^ ' T ${aT - b; -r) 
= 2^ v %V^i^e- 7rl{aT - b)2/T e- 27ra2v d(aT - b; -r). 

Using (fO]) and flL7|) we find 

J— it \ da ob 



d d\ 

0-a +T db) R(aT - b ^ = °- 

We have established the fact that h is holomorphic, and hence equals h. □ 

In the next theorem we combine the properties of /i and R to find a function jl 
which is no longer meromorphic, but has better elliptic and modular transformation 
properties than fj,. 



Theorem 1.11 We set 



i 
Jx{u, v; t) = n(u, v; t) + -R{u - v; r), (1.8) 



then 



(1) fl{u + kT + l,V + m,T + n) = (-l)k+l+rn+n e Mk-™) 2 T+2iri(k-m)(u-v)^ ^ 

for fc, I, to, ii G Z, 

(2) A ( « , * ; «Z±£) =K7)- 3 (cr + d)ie-^-) 2 /(^)/2( u , V ; T) , 

\ cr + a cr + a cr + dj 

/or 7 =(^)eSL2(Z), «»*fc«(7) = »7(^|)/((cr + d)Mr)) 

(3) fi(—u,—v) = fj,(v,u)=jl(u,v), 

fA . „, , _. , 1 tf'(0)tf(w + v + z)tf(z) 

(4) u(u + z, u + z) - u(u, u) = — — „,.-,. „, r-77 r, 

for u,v,u + z,V + z 2" Zr + Z, 

(5) u i— ► /}(m, u) /las singularities in the points u = tit + m (n,m € Z). Furthermore 

we have lim^o ujj,(u, v) = ^^j- 
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Remark 1.12 Parts (1) and (2) of the theorem say that the function ft transforms like 
a two- variable Jacobi form of weight i and index ( ^ _\ ) (for the theory of Jacobi 
forms, see [9], where, however, only Jacobi forms of one variable are considered). 
Furthermore we can find several differential equations satisfied by ft. Therefore we 
would like to call this function a real-analytic Jacobi form. However, in the literature 
I haven't been able to find a satisfying definition of a real-analytic Jacobi form. I 
intend to return to this problem in the future. 

Remark 1.13 All three function in (11. 8|) have a property that the other two do not 
have: ft transforms well (like a Jacobi form), /i is meromorphic and h,«h R(u — v) 
depends only on u — v. 

Proof: (1) Using the first four parts of Proposition [L4l and the first two of Proposition 
we find 

ft(u + l,v) = —ft(u,v), 

ft(u,v + 1) = -ft(u,v), 

ft(u +t,v) = -e 2 ™ {u -^ +nT ft{u, v), 

ft(u, v + t) = -e 2 ^ v ~ u)+7TtT ft{u, v). 

Combining these equations we get the desired result. 
(2) Using Proposition 11.51 and Proposition 11.101 we find 

ft(u, v.t + 1) = e~~ ft(u, v; t) 

A(-,-;--)=-v^e-(-) 2 /^ (u ,„ ;r) 

Set m(u, v; r) := $(u — v; r)ft(u, v; r). Using (6) and (7) of Proposition II .31 we see 

m(u, v; t + 1) = m(u, v; r) 

(u v 1\ 

m — , — ; = t m^u^v^T) 

\t t t I 



and so 



CT + d CT + d CT + d 

for all ( ab ,) SSL 2 (Z). Hence 



(cr + d) m(u, v]t), 



. i u v ar + b\ $(u — v;t) 
M r-j, r-j; r-J )=(cT + d)^ '-^ii(u,v,t). (1.9) 



CT + d 1 CT + d' CT + d) ,Q ( u-v . ar+b \ ' 

U ycr+d' CT+dJ 

From (6) and (7) of Proposition [T73l we find 



i) 



f~Zw5 ^il) = x(l)VcTTd e™* 2 /(-+<Mz;r), (1.10) 

\ct + d ct + dj 
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with xil) some eighth root of unity. Applying 4-\ on both sides gives 
^(o;^^)= X (7)(cr + d)^'(0;r). 

Using (10) of Proposition [TT3"1 we find 

x ( 7 ) = u( 7 ) 3 

If we combine this with l|1.9j) and (|1.10|) we get the desired result. 

(3) Using (5) of Proposition H31 and (3) of Proposition [TT51 we find 

jl(—u, —v) = jj.(u, v) 
Using (8) of Proposition 11.41 and (3) of Proposition 11.91 we find 

p,(v,u) = fi{u,v) 

(4) This follows directly from (7) of Proposition [j~4l 

(5) R has no singularities, so the singularities come from /i. The location and nature 
of these singularities is already given in (6) of Proposition 11.41 □ 



1.5 Period integrals of weight 3/2 unary theta func- 
tions 

In this section we will rewrite h in terms of the period integral of a unary theta function 
of weight 3/2. 

To state the main result we need the following definition: 

Definition 1.14 Let aieR and t£M then 



ga,b{r) := Yl 

vea+Z 

The function g a ^ is a unary theta function. 
Proposition 1.15 g a j, satisfies: 

(1) 9a+l,b( T ) = 9aA T ) 

(2) g a , b+ i{T)=e 2 ™g a . b {T) 

(3) g- a ,-b(r) = -g a ,b( T ) 

(4) g a . b (r + 1) = e-™ (a+1) .g a , a+h+ i (r) 



ttiu T-\-2-Kii/b 
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(5) W (-i)= K 2 » fc (^)l 9Jra (r) 

I will not prove these relations, since they are all easy. For (5) use Poisson summation. 
From these relations it follows that if a and b are rational, the function g a ^ is a modular 
form of weight 3/2. 

Theorem 1.16 Let r e"K, then 

(1) for a £ (-5, \) and b £ R 

ya +*' b+ * K ' dz = -e-^ a2T+2m ^ b+ ^R{ar - b), 

-t y/—i(z + T) 
with R as in Lemma \1.8l 

(2) for a, b €(-i ,|) 



2' 2' 

/■ioo q l t i fz) 

/ ^±M=±M=dz = -e-™ 2T+2 ™ a< - b+ ^h{aT-b) 1 
Jo J-i(z + r) 



with h as in Definition \l.l\ 

Remark 1.17 The left hand side in (2) is 1-periodic as a function of a and, up to a 
factor, as a function of 6, while the right hand side is not. 

For the proof we need the following two lemmas: 
Lemma 1.18 If r £ R. r ^ ; and t £ % then 

oo 7rirw 2 pioo nir 2 z 

dw = —irr / — — dz. 

-ocW + tr J yJ-i(z + T) 

Proof: Both sides define a holomorphic function of r £ "K. So we only have to prove 
the identity for r = it, with t £ R>o- The identity then becomes 

/•oo — -rrr u 

dw = — 7rir / — , du, 



_ oa w + ir J Q ^/u + t 

where we have substituted z = iu in the integral on the right. We can easily see that 
both sides, considered as functions of t, are solutions of (— Jj + irr 2 )f(t) = —^'- 



(-- 

V dt 



3 + 7rr 2 ) LHS = n f (w - ir)e~* tw2 dw = -mr f -"'■"*' '"'"' 



' —OQ 



Vt' 



4- + nr 2 ] RHS = _ e - 2 *|.( e — 2 * RH S) = nire^*^- H & -^J- dx = ~. 
dt J dt y ' dtj t y/x Vi 

Both sides have the same limit as t — > oo, hence they are equal. □ 
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Lemma 1.19 Let b G (— i i) emd Zei z G C, such that z ^ (| + ZJ i, i/ien 

COSh7TZ 7T ^— ' z — iv 

Proof: We first show that the series on the right hand side converges (it doesn't 
converge absolutely). Since Dirichlet's test for convergence (see [28l pp. 17]) is not 
directly applicable, we prove this by means of partial summation (we could also do 

2-7rin(6+!) 

this by comparing the series with the series X^nez " n — ~) : Define 



XI 



e 2«(L/+l)(b+i) 
e 27ri(b+i) _ i ' 



then T v - T v -! = e 2 ™^^ and \T V \ = - -±n . Hence 

| e 27r«(6+,)_ 1 | 

e 2^(t+^) ^ r, - r„_i 

^— ' z — iv ^— ' z — w 



—1 



E 



(z — ii/)(z — i(v + 1)) z — ivn z — i(i>\ + 1) ' 

f£i + Z 

with i/q, V\ G g + Z. We have lim^-j—oo Z U _^[J = 0, because T Vo is bounded, and 
also lim^oo a J[% +1) = 0. Since E„ e i +Z ( z - w )(f-^+i)) converges (it converges 

absolutely), so does E„ e ±+z e "!»■/ ' • 

For z g" iZ we consider the 1-periodic function given by b i— > e 27r6z for & G (— A, |). 
An easy calculation shows that 

e 2^b Ze -2««b d6 = sinhTrz (-1)" 
7r z — in 

The given function is continuous on the interval (—5,5), hence we get from the theory 
of Fourier series that for b G (— §, 5) 

„2tt&. ' ' 



e 



sinh7TZ y^* ( — 1)™ 27rm6 smn 7TZ V^* e 27rm ( 6+ 2 ) 
7r ^— ' z — in 7r ^— ' z — in 

n£Z n£Z 



where X^nez means lim m ^co Sr=-m- ^ we replace 2 by z — Ai, substitute ^ = n + i 
and multiply both sides by — e wl& /cosh7r2, we find 

e 2TTbz ^ „ e 27Tll/(6+i) 



cosh7rz 7r •' — ' : - /)■' 

yei+z 
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27r«i/(b+i) 

We have shown that ),„<- 1 , 7 : converges, hence we get the desired result. □ 

Proof of Theorem [T?L6l Let a G (—§,5), then g a+ i !&+ i (z) = (e-""» Im ( 2 'j for 

(Inr(z) — ► 00), for some t^o > (for a G (— i, 0) we can take vq = a + -i, for a G [0, ^) 
we can take Vq = - — a). From this estimate, the (absolute) convergence of both 

_ — , 2 dz and L — , 2 2 dz follows. 

J -T y/-i(z+T) J0 tJ-Kz + t) 

(1) We see 

i00 <? a+ i, 6+ i(z) r*°° g a+ i. b+ i(z-T) r°° g a+ i b+ i{iu- T ) 

dz — I — -^ — dz — i I == du 



- \/ — i(z + t) Jliy M—%Z J2y 

/>oo 

J2y ^Ga+I+Z 

/•OO 

pOQ 

y-^e'^dv 



i^Ga+i + Z 2y 

= 1 J2 sgn(^)e— 2 r+2^(b+i) I 
uea+i+z j2yv2 



1 J2 {sgn(^) - E(u^2yj } e -™ 2 r+2™(&+§) 

^Ga+i + Z 
—rria r+27rm(b+^)_ 



J2 {sgn(^ + a) E([y + a)^y) } (_!)- V™ 2 - 27 ^ 



If we use that for a G (—5, |) we have sgn(^ + a) = sgn(^) for all 1/ G | + Z, we get 

the desired result. 

(2) We see by means of Cauchy's theorem that for a G (— |, |) 

/■ p -nirz —2-kxz r p -nirz — 2-nxz 

h(x;r) = J ——[^— dz = J — dz, 

hence 



R COshTTZ J-ia+B. COShTTZ 



7riT(z+ia) +27r6(z+ia) 
_ e -«a T+ 2«a(fc+ 5 )^( ar _ ^ = _ e ™ / dz 



— ia+R. 



cosh 



TTZ 



-e 



p irirz -\-2izbz 



ma 1 dz. 



I R cosh7r(z — id) 
If we replace z by z — ia in Lemma H. 191 multiply both sides by e 2nia ( b +2 ) and replace 
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v by v — a, we find 



Jlitbz 1 p27T'i^(b+^) 



E 



cosh7r(z — ia) 7r •« — ' ; - iv 

fGa+i+Z 



with b £ (— i, 5). Hence we find 



5,271-62 



cosh7r(z — ia) C0S7ra 7r 



n *-^ \z — iv iv J 



vea+±+z 



This identity also follows from the theory of partial fraction decompositions given in 
[251 pp. 134-136]. Using it we see 



—nia T+27rm(6+^) 



h(ar — b) 



R 



cos na n 



\ £ 



27rii/(6+i) 



i/en+i+Z 



1 1 



2 — IV IV 



dz 



1 1 



cos7ra \J —%t 7r J R 



E 



7ri-rz 2 +27riy(6+i) 



1 1 



z — IV IV 



dz. 



'^Ga+i+Z 

We want to change the order of summation and integration. This is allowed if 



R 



E 



'i-ea+j+Z 

converges. We have 

7TiT2 2 +27Til/(6+i) 



: ,7riTZ 2 +27ri!>(6+i; 



1 1 



z — IV IV 



dz 



(1.11) 



1 1 



z — IV IV 



-ivyz 



1 1 



z — IV IV 



< M e -*V* 2 

— 9 ° 5 



with y = Im(r). Both J R |z|e 7ryz dz and Si/ga+i+z 172 converge and hence the 
expression in (|1.11[) converges. Now making the change of order we find 



_ e -7rm 2 r+27rm(6+I) /l( - aT _ 5 - ) 



1 1 



IT £—1 



27IW(6+A) / 7TITZ 



cos7ra v— it tt 

vea+|+Z 

Using Lemma Tl. 181 we see 

dZ = TTV 



2' e" 
'r 



1 1 1 . 

— — + — \dz. 



z — IV IV 



R 



zdz 



1 1 



z - iiv jr/y Jq ^/-z(z + r) iv y/-ir 
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Using partial integration we see that this equals 

1 r°° e* 



2v Jo (-i(z + T)Y 



-dz, 



so 



2 r+2iria(b+±) 






E 



ioo 2irw(b+i) 7rii/ 2 z 



We have 



and 



cos7ra J— ir 2tt — /,, 

i>6a+± + Z 



2iri«/(&+£) 



(-l(z + T))i 



-dz. 



(1.12) 



^ (-i(z + r))t 



i e 



< 



\v\\z + t\2 \v T 2 



E 



Icfel 



MTP 






< 00. 



wea+i+Z 

Hence we can interchange the order of summation and integration in (11.12J) 

_ e - 7Tl a 2 T+2 m a(b+±) h ( aT _ ^ 

e 7Tia 1 1 /.too 1 



cos7ra 






Using partial integration we find 



-7ria r+27ria(fe+i 



3>/i(ar-6) 



1 . V , ,.-l„7rw 2 z+27rii/(b+i) 

1 I Z^ea+i + Z " e 



cos7ra y —it 7r 

1 / d 



: z+27rii/(6+i) 



5 J dz 



A=_i_ L= U m y ^-i e — 2 -+2— e>+i) 

it- 7r , / it- ■*■ I »n * ^ 



(1.13) 



cos7ray— ir 7r y — it zj.io 



i/£a+i+Z 



o+ i 6+ i(z) 



dz. 



/o y 7 -^ + t) 

Let z s «R>o, and vq G a + \ + Z, ^o > 0. By partial summation we find (with T v as 
in the proof of Lemma ri.!9[) 



E -^ 

y£o+3+Z 



w 2 z+2-7rii/(b+i) 



'A) 



-T^o-1 + / y T v 



i>Ga+± + Z 



p-niv z pixiiy+X) z 



f +1 
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so 



vEa+±+Z 
v>va 



! 2+27rii/(6+i) 



< 



g" &"o * 



1 



"0 



g" fct/Q ^ 



e 27Ti(6+|) _ 1 

2 



1 / pKiv Z p -Kl{u-\-l) Z 

l J e 2™(fc+2) _ 1 
v>v Q 



V+l 



VQ 



D 2iri( 



-4J-1 



< 



'•'o 



e 27TJ(6+i) _ ^ 



Hence 



E -- 1 



3 7rw 2 z+27rii/(b+±) 



i^Sa+i+Z 

converges uniformly for z £ iR>o. 
If we replace v by — v we find 

V^ ^-l e 7ra/ 2 2+27™/(6+i) _ _ e 27ri(a-i) V^ y -\ ^iv' 1 z+2Triv{-b+±) 



SO 



and hence 



J2 v~ X e™ 

!/£a+i+Z 



! z+27rii/(6+i) 



V^ iy -l e 7rii/ 2 2+2irw(b+i) 
i/Ga+i+Z 

converge uniformly for z € iR>o- 

Since the summand is continuous on iR>o, so is 

z ,_> \^ p -l e mu 2 z+2mu{b+±)_ 

i/ea+l+Z 



Hence 



hm N ^ 
z|i0 *-^ 

i/6a+i+Z 



^7riiy z-\-2-niv{b-\-^) 



E ^ 



iK&+i) 



cos7ra 



i^Ga+i+Z 

by Lemma Tl. 191 with z = 0. If we put this into lj!.13p . we get the desired result. 



n 
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Remark 1.20 We may also prove part (2) by using (2) of Proposition 11.101 together 
with part (1): We split the integral J into the sum of J__ and J Q . For the first 
integral we have 

/ioo q 1,1 ( z) 
^ ±MJ±ll ' d z = -e~* ™ 2 T+*™V>+h)R( aT _ b ) i (i.i4) 

by (1). In the second integral we replace z by —-: 

9 a +^b+^ z ) dz= r°° 9a+i, b +i (-;) 1 ^ 



y/-i(z + T) ' Jl J_i(_l +T ) HZ) 



_ J c 2ni(a-i)(b+h) f™ 9b+ *<- a+ i^ dz 

by (5) and (2) of Proposition 11.151 Using part (1) of this proposition with (a,b,r) 
replaced by (b, —a, — 1/r) we see that this equals 

I __ e ^/r + .ia R (^^b._l\ (L15) 



V— IT 

Combining l|1.14|l and 1|1.15|1 we see 

; az 



o y/-i(z + r) 

e - ma i T+ 2^a(b+±) R ( aT _ b) _ _J_ e «ib*/T+*ia R fV'- - I' { 



I- V— IT \ T T/i 

by (2) of Proposition [Uni 



Chapter 2 

Indefinite ^-functions 



2.1 Introduction 

The classical theta series associated to a positive definite quadratic form Q : R r — > R 
and B:R r xR r — ► R, the associated bilinear form B(x,y) — Q(x + y) — Q(x) — Q(y), 
is the series ___ 

Q( z . T \ ._ \^ e 2mQ(n)r+2mB(n,z)^ ^.l) 

nez r 

These theta series have well-known transformation properties. In particular 6(0; r) is 
a modular form of weight r/2. 

In [11] Gottsche and Zagier define a theta function for the case when the type of 
Q is (r — 1, 1). The definition of these functions is almost the same as in (|2.ip . only 
here the sum doesn't run over Z r , but some appropriate subset. However, in general, 
these functions do not have nice modular transformation properties. 

In this chapter we give a modified definition. We find elliptic and modular trans- 
formation properties for these functions. The theta functions we define depend not 
only on Q, but also on two vectors C\,Oz <E R r with Q(cj) < 0, % = 1,2. The case 
Q(ci) = Q{px) — gives the same functions as in [IT] . 

There is a connection between the indefinite ^-functions from this chapter and cer- 
tain ^-functions considered by Siegel (see [2S]). However, I will not give this connection 
here. 



2.2 Definition of ■& 

Let A be a symmetric r x r-matrix with integer coefficients, which is non-degenerate. 
We consider the quadratic form Q : C r — ► C, Q(x) — h (x, Ax) and the associated 
bilinear form B(x, y) = {x, Ay) = Q(x + y) — Q(x) — Q(y). 

The type of Q is the pair (r — s, s), where s is the largest dimension of a linear 
subspace of R r on which Q is negative definite. The signature of Q is the number 
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r - 2s. 

From now on we assume that s = 1, i.e., that Q has type (r — 1,1). Then the 
set of vectors c <G R r with Q(c) < has two components. If B{c\,c%) < then c\ 
and C2 belong to the same component, while if B(c\, c<l) > then c\ and c-i belong to 
opposite components. Let Cq be one of the two components. If c$ is a vector in that 
component, then Cq is given by: 

C Q := {c G R' | Q(c) < 0, B(c, c ) < 0}. 

We further set 

Sq := {c G Z r | c primitive, Q(c) = 0, B(c, c ) < 0}. 

(c primitive means that the greatest common divisor of the components of c is 1). 
The (r — l)-dimcnsional hyperbolic space Cq/R+ is the natural domain of definition 
of automorphic forms with respect to 0\{7i) (see section 2.4 for the definition), and 
Sq is a set of representatives for the corresponding set of cusps 

{c G Q r | Q(c) = 0, B(c, Co )<0}/Q + . 

Note that Sq is empty in some cases, for example if A = ( J _°3 ) • Further we put 
Cq := Cq U fig. This is a generalisation of the usual construction "K — 'K U P 1 (Q), 
which is the special cone Cq — CqUSq for the quadratic form Q(a, b, c) = ^(b 2 — 4ac). 
For c G Cq put 

IV if ceC Q 

lCj ' |{ fl eR r |B(c, fl )^Z} if ceS Q 

and 

£>(c) := {(z,t) £ C r x K Im(z)/Im(r) G i?(c)}. 

Definition 2.1 Let Ci,C2 G Cq. We define the i/ieia function of with characteris- 
tics a G -R(ci) n R{c2) and 6 G R r , with respect to (ci,C2) by 

i/ga+Z r 

where p(v; r) is defined by 

p(z,;r)=^- C2 (^;r):=p c H^T)-p C2 (^r), 
with 

[sgn( J B(c,J/)) if ceSq, 
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with y = Im(r) and E as in Definition 11.61 

For (z, t) £ D(ci) C\D(c2), we define the theta function of Q with respect to (ci, C2) 
by 

riGZ r 

with a,b £ R r defined by z = ar + b, so a = j^Ft, 6 = w^V ■ 

Remark 2.2 The definition doesn't change if we replace Cj by Xct, with A <E R+. 
Hence we could replace the condition Q(ci) < by Q(ci) = —1. This would simplify 
the definition of p. 

Remark 2.3 In some special cases -d ai b is holomorphic: if ci, C2 G <Sq and, as we will 
see in section 2.5, also for some special values of c\, C2, a and 6. In general however, 
the functions $ and $ ai b are not holomorphic. 

Because Q is indefinite, e 2m Q( n ) T j sn 't bounded. Therefore it's not immediately 
clear that the series defining $(z; r) converges absolutely. However, using an estimate 
for the growth of p we shall find: 

Proposition 2.4 The series defining t?(z; r) converges absolutely. 
For the proof of this proposition, we need two lemmas 

Lemma 2.5 Let c £ Cq. The quadratic form Q c : R r — ► R, Q c {v) '■= Q(v) — 20(c) 
is positive definite, and we have 

Qc{v)>K, C0 QcM Vi/6R r , 

with 



B(c, co) 2 - 2Q(c)Q( Co ) -|i3(c,c )|V i?(c,co) 2 -4Q(c)Q(co) 
2Q(c)Q(c ) 



<Vc — „^, x — — s > U. 



Proof: If v £ R r is linearly independent of c, the quadratic form Q has type (1, 1) on 
span{c, v}] hence the matrix 

(2Q(c) B{c,u) 
\B{c,v) 2Q(v) 

has determinant < 0, so AQ(v)Q(c) — B(c, v) 2 < 0. Rewriting gives 

nl . B(c,^) 2 B(c.^) 2 

""""w'-w -"■ 
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If v = Ac, with A 7^ 0, we get Q(y) 20(c) = — Q( c )^ 2 > 0) which proves that Q c is 

positive definite. 

For the second part we consider the restriction of Q c to the ellipsoid S = \v € 
R-IQcoM = !}■ Since S 1 is compact, Q c \s assumes its absolute minimum at some 
point isq. We compute that minimum with the method of Lagrange multipliers: There 
is a real number A, such that 

VQ c (!/ ) = AVQ Co Oo), 
or equivalently 

A r - -wrv = XA r ~ -q^t c v ■ (2 - 2) 

Taking the inner product with c on both sides of (|2.2p we find 

-%,c) = A[%,c) — — I. (2.3) 

Taking the inner product with Cq on both sides of (|2.2p we find 

□ / s B(v ,c)B(c,c ) , . , , 

B(z/ , Co) 7^7^ = -AS i/ , Co). (2.4) 

<9(c) 



Combining (|273j> and (|2T4|> we find 

Q(c)Q(c )(A + l) 2 = AB(c,c ) 2 (2.5) 

or 

S(f ,c) = B(v ,Co) = 0. 

If B(vq,c) — B(vo,co) — 0, then (|2.2p reduces to A^o = AAz^o, from which we find 
A = l. 

The roots of ((23)) are 

, = £(c, cp) 2 -2Q(c)Q(cq)± |B(c,co)|Vg(c, cp) 2 - 4Q(c)Q(cq) 

2Q(c)Q(c ) 
Taking the inner product with vq on both sides of (|2.2[) and dividing by 2, we find 

Q c (^o) = A(9 Co (fo) = A. 

Hence the absolute minimum of Q c \s is the minimum of {1, A~,A + } which is A~ = 
A c , Co . So we have 



Let v e R r , v + 0, then —^ e S, so 



Qc(^) > A C:Co W € 5. 



A c ,co < Q 



Multiplying both sides by Q Co {v) we get the desired result. □ 
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Lemma 2.6 Letci,c 2 G Cq fee linearly independent. The quadratic form Q + : R r — ► 
R, Q+(» := Q(v) + 4 Q( Cl)( ^^)^ ) ( ei , C2) a -B(ci,^)g(c2,^) is positive definite. 

Proof: If v € R r is not a linear combination of ci and c 2 , the quadratic form Q has 
type (2, 1) on spanjci, c 2 , ^}; so the matrix 

2Q(ci) S(ci,c 2 ) B(ci,i/)\ 

B( Cl ,c 2 ) 2Q(c 2 ) B(c2,i/) (2.6) 

B(ci,i/) B{c 2 ,u) 2Q{v) ) 

has determinant < 0. Rewriting gives 

n+( , . Q{c 2 )B{ Cl ^f + Q(c 1 )B(c 2 ,v) 2 
W l j 4Q(c 1 )Q( C2 )-5(c 1 ,c 2 ) 2 " 

If r/ G R r is a linear combination of C\ and c 2 the determinant of the matrix in (|2.6[) 
is zero. Hence 

Q +, v g( C2 )J?(c 1 ,^) 2 + Q(c 1 )i?(c 2 ^) 2 

W {V) 4g(c 1 )Q(c 2 )- J B(c 1;C2 ) 2 ' 

So if Q + {v) = 0, we have B{c\, v) — B(c 2 , v) — 0, which implies v = 0. Thus if r/ ^ 
then Q + (^) is strictly positive, so Q + is positive definite. 

Proof of Proposition [2711 If Ci,c 2 G Cq, we write p(v\ r), using Lemma [T771 as the 
sum of the three expressions 

-■KaM^-wO' ,2J) 

B(c 2 ,^) 2 



-K-'M-^* < 2 



Q(c 2 ) 

and 

sgn(fl( Cl)I /)) -sgn(B( C2 ,^)), (2.9) 

with /3 as in Lemma 11.71 If c± G Cq and c 2 G Sq we get only the sum of the first and 
the last expression. If c\ G Sq and c 2 G Cq we get the sum of the last two expressions. 
If c\ , c 2 G Sq we have only the last expression. Hence the proof is reduced to showing 
that the series 



£ sgn(s(c,.))/3(-^^y) e 2 ^M^ 2 ^^ (2.10) 



Q(c) 

converges absolutely for all c with Q(c) < 0, and that the series 



J2 {sgn(B( Cl , i/)) - sgn(B(c 2 , „)) } e 2 -Q(^+ 2 -BM) (2 .H) 



iy£a+Z r 
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converges absolutely for all c\, c 2 £ Cq. 

We will first show that the series (|2.10p converges absolutely for all c with Q(c) < 0: 
We can easily see that < 0(x) < e~^ x for all x £ R>o; hence if Q(c) < 



sgn(B(c,v))p[- B ^ y)e 27 "" '---"- -■'" 






Q(c) 

t 2-KiQ(v)T+2iriB{v,b) 



(2.12) 



-^(QM-w jw 



Using Lemma |2"31 we see that the series 



E 



i/£a+Z r 

converges, and so the series (|2.10p converges absolutely if Q(c) < 0. 

We will now show that the series (|2.1ip converges absolutely for all Ci,C2 £ Cq: 
If C\ and C2 are linearly dependent, we have p Cl ' C2 = 0. Hence we can assume that 
they are linearly independent. 
Case 1: Ci,C2 G Cq. 

If we have S(ci, v)B(c2, v) > 0, then sgn(B(ci, v)) — sgn(_B(c 2 , i/)) = 0. If we have 
B(c\, v)B(c2, v) < 0, then (note that 4Q(ci)Q(c2) — -B(ci, c 2 ) 2 < 0, as we saw before) 

with Q + as in Lemma 12.61 Hence we find 



{sgn(i?( Cl , V )) - sgn(s( C2 , i/)) } e «M T + 2 « B ("fl 
= sgnLB(ci,i/)J -sgnLB(c 2 ,i>)J 



-2irQ(v)y 



(2.13) 



Using Lemma 12.61 we see that the series 

V^ e -27rQ+Hy 
i/6a+Z r 

converges, and so the series (12. lip converges absolutely. 
Case 2: c\ £ Cq and c 2 £ Sq. 

We can assume that c\ £ Cq n Z r , since otherwise we pick any c^ € Cq D Z r , write 

£ {sgn(B( Cl ,,)) ~sgn(i?( C2 ,,))} e^Mr-HhrfiW) 

i/£a+Z r 

= 2 {sgn(s(c 1 ^))-sg n (B( C ' 1 , I ,))} e 2 ^^ +2 " B ^ h ) 

t/£il+Z r 

+ ^ {sgn(B(c' 1 , J ,))-sgn(i?( C2 ^))} e 2 ^(^+ 2 ^^), 

y£a+Z r 
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,2mQ{v)T+2mB(v,b) 



and use that 

2 {sgn(B(ci,i/))-sgn(B(ci,i/))} 

t/£o+Z r 

converges absolutely. 

We write v = fj, + nc 2 with /j e a + Z r and n s Z, such that B (^ 1 '^ \ <5 [0, 1) 



(we see n 



B( Cl ,v) 
B(ci,c 2 ) 



). Then sgn(B(c 2 ,^)) = sgn(B(c 2 , m)) (use B(c 2 ,c 2 ) = 0) and 



sgn(g(ci,i/)) = -sgn(n + f^f^ )- Hence 

2 {sgn(B( Cl ,i/)) -sgn(B(c2,i/))} e 2 ^^+ 2 ™ B ^) 



i/£a+Z r 



E EM%rf)+4^)} 



Atea+Z r n£Z 

H f (ci '"\ e[o.i) 



B(ci,c 2 )' 



. 2iriQ()i)T+2TriB(c2,ii)nT+2iriB(ii,b)+2iriB(c2,b)n 



Using 



we see 



i _j£~o*" if N<! 



!-* l-E^-ocX" if|*|>l, 



E{ Sg nK 2 ,M)) + sgn(, + |^)} 



■P(Ci,/f) \ 1 27riB(c2,Ai)™T+27riB(c 2 ,6)n 



riGZ 



^(Ci,^), 

-<J(B(ci,m)). 



J _ e 2TTiB(c 2 ^)T + 2TTiB(c2,b) 

Here we used that 

B(c2,m)>B(c 2 ,m)>0, (2.14) 

for all fi e a + Z r , and for some /} <G a + Z r . This is guaranteed by the fact that 
(z,t)€D(c 2 ). 

Since c\,c 2 € Z r we have 

B(ci,m) 



/i e a + Z r 



e[o,i)} = |J (W(ci)z), 



B(ci,c 2 ) 

for a suitable finite set Pq, with (ci) z := {£ <G Z r | B(ci,£) = 0}. So 
2 {sgn(B(ci, i/)) - sgn(B(c 2 , i/)) } e 2 -«^+ 2 - s ^ 6 ) 

2 



vea+Z r 



E E T 

Moepo^cl)^ 



_ e 27riB(c2,C+Mo)T+27riB(c2,&) 



<*(B(ci,W>)) 



27riQ(£+ W) )T+2iri.B(£+ W ),&) 
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This series converges absolutely, since Q is positive definite on (ci) z , and the term 

S(B(c u n )) 



2 



I _ e 2TtiB(c 2 ,Z+i-ia)T+2-KiB(c2,b) 

is bounded (use (|2"TT4"|l ). 
Case 3: c\ G <Sq and c 2 £ Cq. 

Since i9 Cl ' C2 = —<ft c 2> c i ) this follows directly from the previous case. 
Case 4: Ci,C2 € 5q. 

Since i9 Cl ' C2 = $ c i> c 3 _|_ $ C 3,C2 ; f or arbitrary C3 € Cq, this follows directly from case 
2 and 3. □ 



2.3 Properties of the ^-functions 

The theta functions in Definition 12.11 have some nice elliptic and modular transforma- 
tion properties, similar to those of the theta functions associated to positive definite 
quadratic forms. 

Proposition 2.7 The function 1? satisfies: 

(1) For 01,02,03 € Cq and (z,t) € -D( c i) n Dfa) H ^(03) we /lave £/ie cocycle 
conditions i? Cl > C2 + tf C2 - Cl = and $ C1 ' C2 + tf C2 < C3 + d c ^ Cl = 0. 

(J2j 0(Z + At + jU; r) = e -27rig(A)r-2 7 riB( Z) A)^( ;2 ,. T ) y or fl// A £ rgr flnrf ^ £ A^Z 1 ". 

f5; 0(-z;r) = -0(z;r). 

(4) The function (ci,Cq) >— ► $ Cl >° 2 is continuous on Cq x Cq. 

(5) Let a, C3 <E Cq, C2 <E Sq and (z, t) <G D(c%). Set c(t) = c 2 + tc^. Then c(t) G Cq 
for all t G (0, 00) and lim no i9 Cl ' c W(z;T) = i? Ci < C2 (z;t). 

ffif) z9(z;r + 1) = tf(z + \A~ x A*',t) with A* = (A 11 ...A rr ) T G Z r , tfie vector 0/ 
diagonal elements of A. In particular, §(z;t + 2) = $(z;t) and $(z;r + 1) = 
19(2; r) j/ t/ie matrix A is even. 

(7) LetD\c) := {(z,t) G D{c) | (f , -A) G D(c)} = {(ar+6,r) | r G M, «,k 
R r , B(c, a) g Z, B(c, 6) £ Z}. // (z, r) G £>'(ci) n L>'(c 2 ) i/ien 



tf(V £ ) = - 7 =4==(-ir)'-/ 2 53 e 2 ^(^)/^(z+ P r;r). 
^t i"/ V— detA . rrz ,_ 



peA~ 1 z r /z r 



Proof: (1) follows from the corresponding relations for p Cl ' C2 . 

(2) The identity $(z + /i; r) = d(z\ r) for /i G A _1 Z r is easy, and we find i9(z + Ar; t) = 

e -27riQ(A)r-27riB(z,A) ? j^ 2 ,. T ~j f or \ £ 2i T when we replace ra by n + A in the definition. 
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For (3), replace n by — n in the definition and use that E and sgn are odd functions. 
(4) We show that c\ i— > d Cl,C2 is continuous on Cq. The result then follows from (1). 

Using the decomposition of p as the sum of (|2.7p . (|2.8p and ()2.9I1 we see that it's 
sufficient to prove that 



J2 8gn(B(c,J/)W- 



v£a+Z T 



B( C > U ) \ „2mQ(v)r+2niB(v,b) 

Q(c) v > 



and 



Cl ~ J2 {^(B{ci,v)) -sgn(B(c 2 ,«/))} e 2 "«^ T 



+2-KiB{u,b) 



(2.15) 



(2.16) 



u£a+Z r 



are continuous on Cq. 

Using Lemma |2~51 and (|2.12p we see 



*S" 



n(B(c,i/))/3 



J3(c,^) 2 
0(c) 



2/ e 



27riQ(i/)r+27riB(i/,b) 



< e -27rA c , O0 Q O0 (i/)i/ 



Since c i— > A CCo is continuous and A CiCo > for all c 6 Cq, we can find an neighbour- 
hood ZNT C of c such that A CCn > e > for all c G K c - Hence on N c we find 



sgn B(c,i/) /3 - 



Q(c) 



2/ e 



< g-27r£Q C0 (l/)l/^ 



The series 



i/£a+Z r 



-2-KeQ CQ {v)y 



converges, and so the series in (|2.15[) converges uniformly for c in 3\f c . Hence the 
function in (|2.15|) is continuous on N c . Since this holds for all c <E Cq, the function in 
(|2.15|) is continuous on Cq. 
In (|2.13p we have seen that 

|{ B gn(£(ci,i/)) -sgn(B(c*,i/))} #«*QV)r+™B<y,V)\< 2e -2*Q+V>V. 

The function Q + restricted to the sphere 5 = {v G R r | \\u\\ = 1} assumes its absolute 
minimum A(ci) > 0. Hence 



and so 



Q + (i/)>A(ci) Vv£S, 

Q + H > A( Cl )|M| 2 Vi>eR r . 
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Since c\ i— v A(ci) is continuous and A(ci) > for all ci £ Cq, we can find an neigh- 
bourhood N Cl of c\ such that A(ci) > e > for all c\ G N Cl . Hence on N C1 we 
hnd 



|sgnLB(ci, i/)J - sgn(-B(c 2 , v)J } 



t 2iiiQ(u)T+2-i!iB(v,b) 



< 2e' 2 " re ^ 2y . 



-2-ne\\ V \\ 2 y 



The series 

E « 

converges, and so the series in (j2.16[) converges uniformly for C\ in N Cl . Hence the 
function in (|2.16|) is continuous on N Cl . Since this holds for all c\ G Cq , the function 
in (12.16|) is continuous on Cq. 

(5) Note that $ Cl ' c (*) = $ c i> c 3 _|_ §c 3 .c(t) _ ^y e can therefore assume C3 to be equal to 
ci. We have Q(c(t)) = Q(c 2 + td) = tB(a,c 2 ) + t 2 Q(a) < and B(a,c(t)) = 
B(a,c 2 ) + 2iQ(ci) < for all t G (0, 00), since B(ci,c 2 ) < and Q(ci) < 0. Hence 
c(t) G Cq for allte (0,oo). 

Using $ Cl > c M = ^ c i> c 2 4- § c 2,c{t) anc j the decomposition of p as the sum of (|2.7|l . 
(|2.8|) and (|2.9|) we see that it's sufficient to prove that 



lim Y {sgn(B(c 2 , v)\ - sgn( B(c(t), uj\ \ e 2 ™Q^ T + 2mB ^ = 0, (2.17) 



uea+Z r 



and 



B{c{t),vf 
Q(c(t)) 



y e 



2iviQ(v)T+2iriB(v.b) _ n 



(2.18) 



hm Y, Bgn(B(c(t),uj)0 

It is easy to see that 

sgn[B(c 2 ,v)j -sgn(.B(c(t),i/)J < sgn(.B(ci,i/)J - sgn(.B(c 2 ,z/) 

for all f G a+Z r and i G (0, 00) (Both sides can take on the values 0,1 and 2. If the right 
hand side is 0, then sgn(B (a , v)) = sgn(_B(c2, v)), so sgn(S(c2,^)) = sgn(B (c(t) , v)) . 
Hence the left hand side is also 0, and the equation holds. If the right hand side is 1, 
then either B(c\, v) or B(c 2 , v) is zero. If B{c 2l v) — we get that the left hand side 
equals the right hand side. If B(a, v) — the left hand side equals 0). Hence 

{sgn(B(c 2 ,^)) -sgn( B(c(t),v))X e 2 "'«(^+ 2liB (^) 

< {sgn(B(c 1 ^))-sgn(s( C2 , I /))}e 2 ^^ +2 - fl ^ , 

for all v G a + Z r and t G (0,oo). In the proof of Proposition 12.41 (Case 2) we have 
seen that (|2.11[) converges absolutely, i.e. 



Y |{8gn(B(ci,i/))-sgu(B(ca,i/))} 



> 2mQ(i>)T+2niB(i>,b) 



v£a+Z r 
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converges. Hence 

J2 {sgn(B(c 2 ,v)) -sgn(iJ( C (*),«/))} e^M^M 

v£a+Z T 

converges uniformly for t £ (0, oo). Using this we find 

lim £ {sgn(i?( C2 ,,))-sgn(s( C (t),.))}e 2 ^^ +2 ^^ 

fZ'' 

2 lim{sgn(p(c 2 , uf\ - sgn(p(c(i), v)\ } e ^Q(^+2^B^.b) = Q _ 



v£a+Z T 



i/Ga+Z 1 " 



This proves (J2TT7J1 . 

We will now prove ()2. 18|) : Using (12.12[) . we see that 



«S" 



n(B(c(*),i/)))8 



B(c(t),v) \ 2 TTiQ(u)T+27TiB{iy,b) 

y i e 



Q(c(*)) 

We write a + Z r as the union of Pi, P 2 and P3, with 



< e 



-M^-^^fef J « 



Pi 
Pi 
P 3 



= {v e a + Z r I sgn(P(c 2 , 1/)) = - Sgn(S(ci, j/))} 

= {vEa + Z r \B(ci, v)(B{ci,c 2 )B{ci, v) - 2Q{ Cl )B(c 2 , v)) > 0} 

= {v e a + 71 I sgn{B(c 2 ,u)) = - sgn(P(ci, c 2 )B{c u v) - 2Q( Cl )B(c 2 , v))} 



Note that B(c 2 ,v) 7^ for all f e a + Z r , which is guaranteed by the fact that 
(z,r)eD(c 2 ). 
On Pi we use 

e ^(QM-^f)» <e . 2lQW9 



for all t € (0, 00). Wc have seen in the proof of Proposition ^. 41 (Case 2) that the series 
in (|2.11[) converges absolutely. Hence the series 

V^ e - 2 TrQ(u)y 
uePi 



converges. 

On P 2 we have 



B{c{t),v) 2 B{c u vf 



2Q(c(t)) " 2Q(d) 
for all t € (0, cxd), which we get from 

B(c 2 , v? + ( 2 B( C2 , „)*(<*,„) - B{CUC ^ Vr \ t > 
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for all t € (0, oo). Hence we find 

for all t G (0, oo). Using Lemma [53] we see that the series 

y- -^ («(")- tS^) » 



e 



converges. 

On P 3 we use 



S(c(i),^) 2 ^ 2B(ca,i/) 



2Q (c(i )) * ^^(^ C2 )S( C ^)-Q(c^(c 2 ,4 (2.19) 

for all £ € (0, oo), which we get from the inequality 

(b(c 2 , v) + (-B( Cl , v) + |gi^ B(c 2 , »/)) i) > 0. 
Note that (|2.19p holds also on Pi and P 2 , but we use it only on P3. Using it we find 

for all t £ (0, 00), with 

Q{v) := Q{v) - 2 J^± (B(ci,c 2 )B{c 1 ,v) - Q( Cl )B(c 2 ,v)). (2.20) 

Write v — v Cl c\ + v C2 c 2 + v , with 1/ such that B(c±,v ) = S(c2,^ ) = 0. We 



see 



so 



P(ci, 1/) = 2<9(ci)r/ Cl + P(ci, c 2 )vc 2 
B(c 2 ,v) = B(ci,c 2 )v Cl , 



y ci = -^r^rr- B ( c 2>' / ) 



P(ci,c 2 ) 



1 2Q(ci) 

-P(ci,i/) - — -^B{c 2 ,u). 



B(ci,oa) y L ' ' P(c 1;C2 ) 2 



Hence 



Q(y) = Q{u^) + Q(ci)i£ + B(c u c 2 )v Cl v C2 

= GC^) + ^ (C2 ' ^ (B(d,C3).B(ci,i/) - Q( Cl )B(c 2 ,u)) 
Bicucir V / 
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and 

Q{v) = Q(i^) - ^, {C2, % (B(c 1)C2 )B(ci,p) ~ Q( Cl )B(c 2) u)) . 
B(ci,c 2 ) 2 \ > 

The quadratic form Q has type (r — 1,1): Q has type (1,1) on (ci,C2) R and type 
(r — 2, 0) on (c±, C2) R . On (ci, C2) R we have Q = Q and on (ci, C2) R we have Q = — Q- 
Hence Q has type (1, 1) on (ci,C2) R and type (r — 2,0) on (ci,C2) R . 
Set c\ — 2Q('c) Cl ~ ° 2 an d ^2 — —c.2 then 

Q(ci) = Q vw^y ci v = ~ Q vw^y ci C2 

= B( Cl ,c 2 ) 2 B(c u c 2 ) 2 = B( Cl ,c 2 ) 2 
4Q(ci) 20(d) 4Q(ci) 

0(c 2 ) = Q(-C2) = ~Q(c 2 ) = 
B(ci, c 2 ) = -Q(ci - c 2 ) + Q(ci) + Q(5 2 ) 

/ j?(d,c 2 ) \ J3( Cl , C2 ) 2 ^ J3( Cl ,c 2 ) 2 
W ^ 2Q(d) V 4 Q(ci) 20(d) ' 

If we choose Cg such that c.\ £ Cq then we see that c 2 E Sq. 
Using (|2~2"01) we see 

B(x,y) = Q(x + y)-Q(x)-Q(y) 

= B(x, y) - — (B(c 2 , x)B(c x ,y) + B(c 1 ,x)B(c 2 ,y)) 

J B(ci,c 2 ) v / 

+ 4 ^ {Cl \ 2 B(c 2 ,x)B(c 2 ,y), 

B{ci,c 2 y 

so 

B(ci,i/) = -B(ci,i/) 
B(c 2l v) = -B{c 2 ,v). 

Since ci and C2 are linear combinations of Ci and C2, we have 

B(ci,v) = -B(ci,v) 

B{c 2 ,v) = -B{c 2 ,u) 

for all v e R r . 
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We rewrite the set P3: 

P 3 = {v e a + Z r I sgn(B(c 2 , v)) = - sgn{B(c 1 ,c 2 )B(c 1 , v) - 2Q( Cl )B(c 2 , 1/))} 

= {^ g a + Z r I 8gu(B(-ca,i/)) = -sgn ( ^^ (c^) - B(c 2 ,*'))} 

= {f£fl + Z r sgn(B(c 2 , v)) = - sgn(B(ci, 1/))} 
= {^ G a + Z r I sgn(S(c 2 ,r/)) = -sgn(B(ci,i/))}. 

In the proof of Proposition ^. 41 (Case 2, (|2.1ip ). we have seen that 



Y, {sgn(p(c~ 1;i /)) -sgn(p(5 2 ,^))} 



27riQ(i/)T+27rzB(y,6) 



iy£a+Z r 

converges absolutely, i.e. the series 

V^ e -2 7 rQ( I /)a 

converges. 

On all three sets Pi, P 2 and P3, we have found a suitable majorant, independent 
of t G (0, 00). Combining these results, we see that the series 



£ sgn(B( C (^))/3 (- ^q^ "^ ' WQM ' 4 * ,lflW) 



i^So+Z 

converges uniformly for £ G (0, 00). Hence 



\ 2 
hm ^ 8 gn(B(c(t),i/))/3 ' '""' " 



t|o ^ ° V v w ' 7^ V Q(c(t)) 



B{c{t),v) \ e 2iriQ(u)T+2niB(v,b) 



J2 hmsgn(p(c(i)^))/3 



We have 



, ,, „*» • v ^" v-v 0(c(*)) 



hm —7 , .. — y = 00 

tio Q(c(t)) y 



B{c(t),v) \ 2TiiQ(v)T+2niB{v,b) 

y 1 e 



and 

lim /3(x) = 0. 

Hence we get equation (|2.18j) . 

(6) Since p(a; r) depends only on Im(r), we have p(a; r + 1) = p(a; r). Hence 

0(*J T + 1) = ^ p(n + a; T ) e ^Q(n) e 2^Q(n)r+2^B(n,z) ^ (2.21) 

rieZ r 
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but since A has integer coefficients we find 

2iriQ(n) wi J2T=i ^l»l _ p™ EI=i -All"! — 27riB( A A" 1 A* , 



If we put this into (|2.21[) we get (6). 

We first prove (7) for the case Ci, c 2 € Cq. We do this using the Poisson summation 
formula. The main point - and the reason for the definition of the function p - is that 
a i— v p(a; r)e 2, ™ < ^ a )' r is more or less its own Fourier transform: 



P ( a; - l r) 



-27riQ(a)/T 



Lemma 2.8 We have for all a € R r and r G 'K 

Proof: The integral converges. This is analogous to the convergence of $ for case 1: 
We write p(a; r) as the sum of the three expressions 

B{c 2 ,af 



*Z 



and 



We have 



sgn 



< e 



ga.\B(ci,a)J -sgn(s(c 2 ,a))- 



Q(c) 



y e 



2iriQ(v)T+2iriB(a,b) 



-2*[Q(<0-T&&-)V 



B(c,a 



(see (J2.12I0 . with a i— ► <9(a) 20(c) positive definite (see Lemma T2.5p . We also have 



||sgn^B(ci,a)j - sgn(B(c 2 ,a)J j 



s 2iriQ(a)r+2iriB(a : 6) 



< 2e _2lrQ+(o)y 



(see (|2.13p ). with Q + positive definite (see Lemma 
Using 



" e 2iriQ(ar+a)/T _ \ g r 2mQ(aT+a)/T 



da 



t da. 



we see that 
d 



dm 



2iriQ(a)/T / / . x e 2-KiQ(a)T+2iriB(a.,a) fa 



R' 



^- / p(a-T)e 2mQ{aT+a)/T da= I p(a;T)^-e 27TlQ(aT+a}/T da (2.22) 

da; J R r J R . don 

J R ,. t dai t J Rr dai 
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where we have used partial integration in the last step. From the definition of p it 
follows that 



dp ( x 

^ (fl;T) 



(Aci)i nl/2 ,/ B(ci,a) 1/2 \ _ (Ac 2 )i 1/2 ,/ B(c 2 ,a) 1/2 



f E' ±4^ y^)- -^=^= y 1/z E 



(2.23) 
We have (we will use this result for c = C\ and c = c 2 ) 

E'( B(c ' a) y 1 / 2 ) e 2 ^ aT+a )/ T da 

_ 2 e 2TTiQ(a)/r f e ir B ^° )2 y e 2iriQ(a)T+27riB(a,a) da _ 

We substitute a — ( c c) ( °' ) , with a c G R, a' e R r * and Carx (r — l)-matrix 
whose columns form a basis for 

(c)^:={aeR r |B(c,o) = 0}. 

In that way we can split the integral over R r in an integral over R and an integral 
over R r x (Note that B(c,Ca') = 0, hence Q(a) = Q(c)a 2 c + \(a! \C T ' ACa!) and 

B( Cl a) = 2Q(c)a c ): 



1/2 /" E // B(c,a) 1/2 n 27riQ(or+a)/ 

1/2 2-KiQ(a)/T I AirQ{c)a 2 c y+2TTiQ(c)alT+TTi[a\C T ACa')r _ 



2y L ' z e wya,,T I e 



2|det(c CJIyVa^OCaj/r. 

2iriQ(c)a 2 c T+4mQ(c)a c a Cl j _ / 7ri(a',C T J 4Ca')T+27ri(a',C T J 4Ca'} j / 

R Vr'-i 

witha = (cc)(^). 

If r G 3f and M is a positive definite symmetric n x n-matrix, we have the well 
known result 

7ri(a,Ma)T+27Ti(a,Ma) j _ -iri{a,Ma)/T 

r. ~ (-ir)"/ 2 VdetM 

(By a change of basis in R" one can reduce to the case when M is diagonal). 
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Q is positive definite on (c) R , so C T AC is positive definite. Hence we find using 
the result twice: 

1/2 f K ,f B(c,a) 1/2 \ 2 „ lQ(aT+a)/ 

= 2 Idet (c C) I ,,l/2 p 2^Q(a)/r 1 e -2™Q(c)a 2 /x. 

' V ^ y/-2iQ( C )T 



1 



(_ iT )(r-l)/2 VdetC^AC 

V /2 1 | d0t ( C C )l e 2«Q(c)^/r-2«Q(c)^/r 

ViT Hr)^- 1 )/ 2 ^-2Q(c)detC T AC 
2V7 |det(c C)| 



^~Tri(a',C T ACa')/T 



e «(<=) 



(_i T )r/a-i v /_ 2 g( c )detC T AC 

Hr)-/2-i v^dcTA V = Q(cr '' 

with j/' = Im (— -)• In the last step we have used 

(det ( c c )) 2 det A = 2Q(c) det C T v4C, 
which follows from 

(c C fA(c C) = ( 2 <f> CT », C ) 

by taking the determinant. 
We see 

1 /■ (Ac), 1/2F/ / i?(c,a) /2 n g27r , Q(oT+a)/Tda 



= 1 (Ac); V7 1 ^/ Bfoa) /- 

^V /Z QW(-* T ) r/2 " 1 \/^dclA V v ^Q(^) Vy 

9 1 i / B(c,a) 

hi 






dai V- det A HtT/2 V y^Qp 
Combining this with (|2~22|) and (|2~23| we find 

_£?_ f e 2niQ(a)/r f , o;r)e 2*«}(«)r+:hrifl(«,a) do 



9 1 i 



(V^)' 
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So 

e 3*«Ka)/r /" / ) ihriQ(,)r+2^B(a, a ) fe _ 1 _ * / _±\ 

Jnr V -dct A (-iry/ 2 H \ tJ 

is constant as a function of a. Since both terms are odd as a function of a, that 
constant is zero. This proves the lemma. □ 

Proof of (7): Case 1: c\,cq, £ Cq. 

Using the Poisson summation formula 

£/m = E /»' 

with /(i/) = J* Rr f(a) e 27rlS ^' Q )da, and LcmmadHl we find that tf a , fc satisfies 

If we put 

$aA T ) = e MQ(a)T+2niB(a ' b) V(aT + b- t) 

into (|2.24|) (on the left replace (a,b,r) by (a, b, — 1/r), on the right by (6 + p, — a,r)) 
and multiply both sides by e ^iQ(a)/r-27viB(a,b)^ then we find 

A rbr-a__l\ = i /2 y e 27rl( 3^- Q+ ^/^(6r- a +pT;r), 

^ r r ' v — dot ^4 „ ^ ,„ 

v p&A~ 1 Z r /Z r 

which is the desired result for z = br — a. 
Case 2: c\ £ Cq and c^ £ Sq. 

We use (5): We have proven the identity for $ c i> c (*); if we take lim^o on both sides 
we get the desired result. 

The other two cases follow using the cocycle conditions given in (1). □ 

Corollary 2.9 The function $ a ^ has the following elliptic and modular transforma- 
tion properties: 

(1) Va+x,b = #»,& for all \£Z r . 

(2) #a,b+v = e 2mB ^-^ ^ b for all /* £ A~ 1 Z r . 

(3) V-a.-b = -0 a ,b- 

(4) &a,b( T + 1) = e -^iQW-^mA- l A\a) d aa+b+ ^ A -i a ,{t) with A* the vector of 
diagonal elements of A. 

(5) Ifa,b£ R(a) n R(c 2 ) then 

pGA~ 1 Z r modZ r 
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2.4 Transformation properties of $ with respect to 

We consider the group 

O a (R) := {C £ GL r (R) | C l AC = A}. 

If C £ O a (R) and c € C Q C R r then Q{Cc) = Q(c), so C • C Q is either C Q or -C Q . 
We consider only matrices C that leave Cq invariant, i.e. B(Cc, c) < 0, for all c € Cq. 
Set 

0+(R) := {C G GL r (R) | C*AC = A, B(Cc,c) < Vc e C Q }. 

This is a subgroup of Oa (R) of index 2. 

Definition 2.10 Let 

0+(Z):=0+(R)nGL r (Z). 

Remark 2.11 From C l AC = A, we find det(C) = ±1, so 0\(Z) is the group of 
elements of OJ^(R) that have integer coefficients. 

Remark 2.12 In some cases 0\{7i) is very small. For example if A = (o -°i) then 
0\{7i) has only two elements: ( J \) and ( "p 1 J). However, in general 0\(Z) is an 
infinite group. 

If we consider the theta functions in Definition 12.11 not only as a function of z and r, 
but also as a function of c\ and C2, we get transformation properties with respect to 
0+(Z): 

Proposition 2.13 Let C £ 0\(2i), ci,c 2 £ Cq and let (z,r) £ D{c\) H D(c 2 ). Let 
•d A uC2 {z;T) be as in Definition \2.1\ Then we have C ■ Cq = Cq, C ■ Sq = Sq, 

(Cz,T)£D(Cc 1 )nD(Cc 2 ), and 

tf Cci ' Cc2 (C£;r) = tf Cl ' C2 (z;r). 

Proof: C-Cq = Cq holds by definition. If c G Z r is primitive, then Cc is also primitive. 
Hence we find C ■ Sq = Sq. We have Q(Cx) — Q(x) and B(Cx, Cy) — B(x, y), for all 
x, y £ R r and CZ r = Z r . We see 

bU'^A)=b(Cc,C 1 ^A)=b(Cc lm{Cz) 



)=»( 



Im(r) / V Im(r) / V ' Im(r) 

Hence if (z,t) G D(c) then (Cz,t) G £>(Cc). 

If we replace (ci,C2,z,ri) by (Cci,Cc2,Cz,Cn) in the definition of $ we get the 
desired transformation property. □ 

Remark 2.14 The C acts on both c\ and c 2 at the same time. 
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Corollary 2.15 Let C E 0\(Z), Cl ,c 2 £~C Q and let a £ R(a) D R(c 2 ). Let -d^ 1 f 2 (t) 
be as in Definition \2.1\ Then 

aCd,Cc2( \ ,QCl,C2/ \ 

U Ca,Cb \ T ) — U a,b \ T J- 

2.5 Some examples 

Example 2.16 Let A = {\\), c x = ("^), c 2 = (l 2 ), e := (J), and a = b = \e. 
Then B(a,c 2 ) — —6 and Q(c\) — Q(c 2 ) = — |. If we choose Cq such that c\ G Cq 
then also C2 G Cq. Using (4) and (2) of Corollarv l2.9l we see 

*4 e ,i e (T + 1) = e"*tfi e i e (r) = e* 0i e i e (r). (2.25) 

6 ' 6 6 ' 2 6 ' 6 

Using (5) of Corollary 12 .9[ we see 

'WH) = 7| e¥ (^-|e,-ie(T)+^ e ,- ie (r)+^ e> _ |e (r)) . 

Using (3), (2), (3), (1) and (2) of Corollary [2J1 we see 
i?_i e ,_i e (r) = -t?i e i e (r) 

6 ' 6 6 ' 6 

% e , i e (r)=e-T^, ,( r ) 



^-i.(r) = -*-i„ t .(r) = ^eieM = -^.(t). 



Hence 



6 e ' 6 



We write p(f; r) as the sum of the three expressions (|2.7JI . l|2.8j) and ()2.9|) . We will see 
that 

V sgn (i?( Cl ,,))^f-*4! y )e 2 ^^ +2 ^^)=0 (2.27) 

and 

X: sgn(s(c 2 ,,))/5 ^-^^! y ) e^M'+ M M = 0. (2.28) 



i/Ga+Z 2 



To show that (j!T2T)) holds, consider C = ( i 4 _?i ) € 0\{Z). If we replace i/ by CV in 
the left hand side of (|2.27[) and use Cc\ = Ci, we see 



^ Sgnj^d,^ (- ^c? "^ - 2 ™ QMt+2 ™ BM) 



v£o+Z 2 

^2 



^ sgn(B(d,i/))/9 



Q(ci) 



B{c\,v) \ 2n iQ( lJ ) T+2 T T iB(v,C- 1 b) 

y I ** 
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Using C~ x a = <*-(?), C*- 1 ^ = 6- (?) and B(i/,(?)) = 2*i + ^ 2 = ±modl for 
f G a + Z 2 , we see 






B{c\,v) \ 2niQ(v)T+2niB(v,b) 

y i e 



= -JC ^(^^--jjnrr'' ' ' 



B{ Cl , v y 



2ixiQ{v)T+2ixiB{v,b) 



Hence we get (|2.27p . The proof of (|2.28p is similar. Here we have to use C — ( q 1 1 ) € 

Ca- 
using (|2~271) and (|2~25|) we see 

i?»,6(r) = £ {^( B (ci, ")) sgn(i?( C2 , „)) } e ^QMr+^w(u, b ) 



i/ga+Z 

f ^ . - : "' 

ve(i+z)" 



X) { S gn(^) + sgn(^)} e 2™(H+^ + Hk+™ ( ^) (22g) 



2e*«*(E - E)(-D 






n,m>0 ri,m<0 



where we have substituted i/i = i + n and f2 = i + TO in the last step. 

From (|2.29p together with (|2.25|) and (|2.26p we see that i9 a ,& is a holomorphic 
modular form of weight 1, with the same transformation properties as rj 2 . Hence § a: b 
is a multiple of rj 2 (their quotient is a holomorphic function on the compact Riemann 
surface "K/ SL2(Z) U {00}). By comparing the first Fourier coefficients we find 

6 ' 6 

or equivalently 

ra,m>0 n,m<0 

Example 2.17 This example is similar to the previous one, so some of the details are 
omitted. 

Let A- (h° 3 ),ci = (" 2 3 ),c 2 = (i) and a = b= l(^). Then B{ Cl ,c 2 ) = -21 
and Q(ci) = Q(c 2 ) = — |. Using Corollarv l2.91 we see 

$a,b{T+l)=e^§ a , b {T) 

and 

$a,b( J = -IT l &a,b( T )- 
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We write p{v; r) as the sum of the three expressions (|2.7p . (|2.8p and (|2.9|) . We have 






T+27riB(v,b) _ Q 
uea+Z 2 

and 



J2 sg*(B(o2,uj)l3 f-^^ly\ e^M T +^W) = 



Q(c 2 ) 



To get the first equation we use C = ( J P ) <G O^(Z) (Cci = Ci, C 1 a = a+( x 2 ) 
and C~ 1 b = 6+ (~ 1 2 )). To get the second equation we use C = (z\ 1 $) € O^(Z) 
(Cc2 = C2, C~ x a = a — (f) and C _1 6 = 6 — (f)). Hence we see 

0«,6(r)= E {sgn(B(ci^))-sgn(i?( C2 , l /))}e 2 ^M T+2 " B ^ 

i/£a+Z 2 

V {sgn(i/i + 2v 2 ) + sgnfa - 2^ 2 )} e ^i(i^-^i)r+^i(^+u 2 ) 

/ Q \ 



"^(j^W 



n+2m,n-2ni>0 n+2m,n—2m<0 

where we have substituted v\ = \ + n and v^ = — i + m in the last step. Replacing n 
by — n — 1, we see 

y^ (_i) n + m 9 3" 2 -f™ 2 +3™+3 m 

n+2m,n— 2m<0 

_ V^ /_ jjn+m in ! -fm 2 + in+im 

n+2m,n— 2m>0 
SO _ 

n>2|m| 

We see that ^b is a holomorphic modular form of weight 1, with the same transfor- 
mation properties as rj 2 . Hence $ a> b is a multiple of rf . By comparing the first Fourier 
coefficients we find 

$a,b = -U^rf, 
or equivalently 

n>2|m| 

This last equation is proven in [TJ pp. 451], using different techniques. In that arti- 
cle several similar results are proven. The modular transformation properties of the 
functions involved can be found using the same method as in the examples presented 
here. 
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These examples are very special: in general, f? 0i b is not a holomorphic function. 
However, for the special values of ci, C2, a and 6 given here, $ aj {, is holomorphic. 

In [5D] a theorem about the modularity of a certain family of g-series associated 
with indefinite binary quadratic forms is given. This result may also be found using 
the same method as in the examples presented here. 

In the next two chapters, we will see some other examples. In these examples, the 
^-functions are not holomorphic. 



Chapter 3 

Fourier Coefficients of 
Meromorphic Jacobi Forms 

3.1 Introduction 

In this chapter we consider functions ip : C x "K — ► C that satisfy 

ip(z + XT + ^T) = e- 27run ^ 2T+2Xz ^ip(z;T) VA^eZ (E) 

and 

V (^; £±3) = (cr + dfe—'l^) v{z , T) V ( l\) e SL 2 (Z) 



(M) 



with k G Z and m G Z>o- The first equation gives the transformation law with respect 
tozi~> z + Xr+fi and will be denoted by (E), for elliptic. The second equation gives the 
transformation law with respect to SL/2(Z) and will be denoted by (M), for modular. 
Jacobi forms of weight k and index m satisfy both (E) and (M) . 

It is a classical result, see [H pp. 57-59], that the space of Jacobi forms of weight 
k and index m is isomorphic to a certain space of (vector-valued) modular forms of 
weight k — | in one variable: 

Theorem 3.1 If if is holomorphic as a function of z and satisfies (E), we have 

V ? ( Z ; T )= ^2 h li T )$rn,l{z;T), (3.1) 

I mod 2m 

with Fourier coefficients 

2 , r p+1 

hi(r) = e~™ 1 T/2m / ip(z-T)e- 27rUz dz peC 
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and 

# mii ( z;r ) = ^ e ^ 2 r/2™+2^^ (3.2) 

X=l mod 2m 

If if also satisfies the transformation (M), then we have for each I: 

h l {T + l) = e-* a2 l 2m h l {T) (3.3) 

and 

h(--)= T L. I_ Y. ^ ilv/m hu{r). (3.4) 

1/ mod Zrn 

Proof: If we take A = and /i = 1 in (E) we see that ip is 1-periodic. Hence we can 
write 

ip(z; r)=J2 hr(T)e™ r2T/2m+2nirz , (3.5) 

rGZ 

with 

2 r p+1 

h r {r) = e~™ T/2m / tp(z- T )e~ 2wirz dz peC. 
J P 

(The extra factor e 7Tlr T / 2m in the Fourier coefficients is for convenience). 

If we use (E) with A = 1 and /i = we see that /l r +2m = h r . Hence h r depends 
only on r mod 2m. Putting this into (|3.5p gives 

tp(z; T ) = J2 h -r( T ) e ™ r2T/2m+2mrz = H H ft A ( r )e ,riA2T ' /2m+27ra2 

rGZ J mod 2m AeZ 

A=Z mod 2m 

= J^ hl{T)$ m> l(z-,T), 

I mod 2r?i 

with # m) i as in (13.2|l . 

If </? also satisfies the transformation (M), then we get the transformation properties 
(13. 3p and (|3.4p of hi from the transformation properties of $ m ,i and the decomposition 
given in (|3.ip ; see pH pp. 58-59] for details. □ 

The hi are more or less the Fourier coefficients of ip, if we consider tp as a function 
of z. These Fourier coefficients form a vector- valued modular form. 

In [5] Andrews gives most of the fifth order mock theta functions as Fourier co- 
efficients of meromorphic Jacobi forms (i.e. meromorphic as a function of z), namely 
certain quotients of ordinary Jacobi theta-series. In this chapter (see Theorem 13. 9p . 
we generalize Theorem 13.11 to include meromorphic Jacobi forms. We give the result 
only for Jacobi forms on the full Jacobi group (i.e. satisfying (E) and (M) without any 
congruence restrictions on (A,/i) or ("]!}))> but it could certainly be generalized to 
congruence subgroups (and vector-valued Jacobi forms) and could then be combined 
with Andrews's identities to obtain information about the modular properties of the 
fifth order mock theta functions. We will not carry this out, since the same results 
will be obtained in Chapter 4 using instead the results on indefinite ^-functions from 
Chapter 2. 
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3.2 A building block 

In this section we define functions /„ : C x M — ► C and /„ : C x M — ► C, which 
will be used in the next section as building blocks for meromorphic Jacobi forms. 

Definition 3.2 Let ueC and m e Z >0 . Define /„ : C x M — > C by 

p 27rim\ T+AizimXz 
fu{Z;r) = f u [z; T ) '■= 2^ l _ e 2ivi\T+2iri(z-u) ■ 

xez 

Note the similarity of this sum with the Lerch sums studied in Chapter 1. The func- 
tion /^ 1 ^ 2 - ) is the sum studied in Section 1.2. The following result is the analogue of 
Proposition II .41 and Proposition II. 51 



Proposition 3.3 We have 

(1) f u satisfies (E), 

(2) z t— > f u (z;r) is a meromorphic function, with simple poles in u + Zr + Z 7 and 

residue —-J-^ in z = u, 

(3) / u+ i(z;t) = f u {z;r) 

2m -1 

(4) f u {z-T)-e- 2mmT -^ mu f u+T (z:T)= £ e^V^-a-*^^.,.^ 

1=0 

(5) U(z;t+1) = U(z',t), 

2m- 1 

(6) /„(z;r)--e 27r ™(" 2 - z2 )/ r /f(V-)= £ h{u;T)$ m ,i{z;T), with 

1=0 

/ p 2-FzimTX —2-K(2mu+lr)x 
T^e^x dx ' 

where L = R — it with < t < 1. This path can be deformed into the real axis 
indented by the lower half of a small circle with the origin as its centre. 

Proof: We see immediately that the series converges absolutely, unless z — u — Xt + h 
for some A,/i G Z, in which case one term in the sum becomes infinite. Hence z i— > 
f u (z; t) is meromorphic, with simple poles only in the points z = u — At + /j, (A,/i G Z). 
(1) It is easy to see that f u (z + /j) = f u (z) for all /i e Z. Also 

r p 2Tfim\ T+4TTimXz+4TTim^Xr 

Ju(Z + [iT\ T) — 2_^ j- — 2TriXT+2-Ki(z-u)+2iri^T 
AeZ 



— 27rimfi 



''T—4Trimfj,z \ " _ 

/ j 1 ^2izi(X-\-fj 1 )T+2-j7i(z — u) 

xez 



-2-Kimti r — A-rrimaz j* f„, ^\ 
Ju{Z,T). 
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(2) We have already seen that z i— ► f u (z;r) is a meromorphic function, with simple 
poles in u + Zr + Z. The pole inz = u comes from the term A = 0. We see 

lim(z — u)f u (z; t) = lim r— 7 r = . 

(3) Trivial. 

(4) If we replace A by A + 1 in the definition we find 

r p 2-nimX r + 47T im A z+47zim At -\-4Trim(z — u) 

— 2'KimT—A'Kimu^ ( v ,—\ \ % _ 

e J U+T \Z,T) — 2_^ l _ e 2ixi\T+2iri(z-u) 

xez 
Hence 

1 r 4TrimXT-\-4-irim(z — u) 

f ( ~. _\ ,3— 27HmT— Animu £ t \ \ "* 2-jrimX T+4-jrimXz 

Ju\ Z i T ) e Ju+t{Z,T) - 2_^ e _ e27rl Ar+2«( 2 -u) 

Aez 

2m- 1 
\ ^ 2-KimX T-\-4irimXz \ ^ 27rz^Ar+27ri/(^ — u) 

AGZ Z=0 

2m- 1 

= E e- ntl2T/2m - 27rUu d m j{z;T). 
1=0 

In the last step we have changed the order of summation and substituted /1 = 2mA + Z. 

(5) Trivial. 

(6) If z h-> /(z;t) satisfies (E), then so does z h-> e - 2 ™ n22 / r / (f ; -A). The function 
2 h-» e - 27 ™ mz / T /it (-;— -) is meromorphic, with simple poles in u + Zt + Z, and 
residue —-L^e" 2 ™"" / T in z = u. So 

2-7T2 

2 - /«(*; r) - V-(« 2 -* 2 )/^ (£ ; -I) 

r T \t t / 

is a holomorphic function, which satisfies (E). Theorem 13.11 shows that there are hi 
such that 

/„(^r)-ie a - 4m {* a -' a )/V ¥ (;;-;)= E W^WM- 

/ mod 2m 

If we restrict z by < Im(w — z) < Im(r) and expand 1 1 — e 2m \r+2m(z-u) j [ n i a 
geometric series, we see 



/„(*; r) = J2 e2mm ^^^ XZ s § n ( A ~\) E 

AGZ /iGZ 

sgn(A-i)=sgn(p 

E Sgn(A - -) e 2 -™^r+2^A M r 



27T2A//r+27ri(2 — u)/x 



-27ri/i'ti+27r-i(2T?iA+/j,)z 



A,^GZ 
sgn(A-|)=sgn(/i+|) 
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But if sgn(A — i) = sgn(/i + |) then 2mA + \i is either > 2m or < 0, so 



2 J ^6"v.r i 2' 

fP+1 



P 



for < / < 2m— 1, for any p satisfying < Im(u— p) < Im(r). Hence for < I < 2m— 1 
we find 

1 „ , /-P+l „-27rim(z-A) 2 /r-27rii(z-A) 

_ __|_ 2-rrimu' 1 /T-7rirT/2m / V^ ,7,, 

■7- / / ' 1 p2Tri(z— A — u)/r 

J P AeZ 

-i oof p — 2iri'mz /t—2-7tUz 

2irimu /t — 7tU t /2m / j 

T 7 p+R 1 - e 2™(z-u)/T 

If we substitute x = i(z — u)/t in this last integral and use Cauchy's theorem, we get 
the desired result. □ 

We see that the transformation law with respect to SL2(Z) for f u is rather compli- 
cated. However, if we modify the definition a little (in Theorem 11.111 we did something 
similar), we get a function which is no longer holomorphic as a function of r, but has 
simpler transformation properties with respect to SL/2(Z). 

Definition 3.4 Let u £ C. Define /„ : C x "K — > C by 

Iu(z;t) = fu{z;r) - - ^2 R m ,i(u;T)tf mt i(z;T), 

I mod 2m 

with 

R m An;r) = J2 {sgn(A+i)-£((A+2mImH/ 2/ )^7™)} e^V^^u 
Aez 

A=/ mod 2m 

y = Im(r) and E as in Definition 11.61 

The function R m j is the analogue of the function R defined in Lemma 11751 We will not 
show that the series defining R m ,i converges, since this is similar to the convergence 
of R, proven in Lemma 11.81 



Proposition 3.5 We have 

(1) fu(z;r) transforms like a 2-variable Jacobi form of weight 1 and index f 2 ™ _§„ 
with respect to (z,u,t) £ C 2 x J{, i.e. 

(a) f u satisfies (E), 
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(b) iu+Xr+^r) = e 2 ™»( A T+2Xu >f u (z;T) for all A,/x G Z, 



27T2m(A 2 r+2Au) . 

(c) 



CT+d ycr + a cT + dJ 
forall(- b d )eSL 2 (Z). 

(2) for fixed u, z i—> / u (z; r) is a meromorphic function, with simple poles in u+ZiT+Z, 

and no other poles, and residue — =^r in z = u, 

r 7 27TZ ' 

(3) / can 6e see??, as a indefinite d -series (see Definition \2.1\) . namely 

Uz-t) = Uy 2 {{^u );r), 

with A = ( 2 ™ J), ci = (?) G S Q and c 2 = ( 2 -i ) G Cq. 

Proof: (2) This follows directly from (2) of Proposition [5751 and the fact that $ mt i is 

holomorphic. 

(3) Using the geometric series expansion we see 



Xr + 2xi(,- U ) - \ E W ( A + ^^ - M)/ ^) + ^ (" + 5) J e2 " A ^ 



+2-7ri(2— u)/i 
1 p27riAT 

Hence 
fu(z;r) 



2-Ki(mX -\-Xfi)T-\-27Ti(2mzX-\-(z—u)fi) 



E 2l Sgn ( A + Im ^ _U ^ y ) +Sgn ( M+ 2)/ 

,,/iEZ 

^ -jsgnfni + Im(z-u)/yJ +sgnfn 2 + -J J- e 2 ™ Q(n)T+2 ' n ' B vH2muJJ 



nGZ 2 

We also have 



^ R m ,i{u- 1 T)"d m .i(z;T) 

n 

J2 { s s n ( A +2) - E (( x + 2ml ™ u /y)\/y/™)} 



l mod 2m 



A=/^ mod 2m 



If we substitute A = ni and /i = 2mni + n 2 , we find 

^ R m ,i(u;T){} m .i(z;T) 



I mod 2m 

= ^ [ sgn (n 2 + -) - J5((n2 + 2mlm u/y)yfij£)} e 2l '«"» T+M K 2 -)). 
«ez 2 
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Hence 



fu(z;r) = f u (z;r)~ - ^J R mi i (u; r)i? m ,; (z; r) 

Z mod 2m 

} j - jsgnfni +Im(z - u)/y\ +El(n 2 + 2m Im u/yj y/y/m) \ • 



n£Z 2 



1 



2»«3(n)r+!hriB(n,(*-«)) 



-QCl,C2 / / Z — U 



<& 



2mu I 1 ' ; ' 



which proves (3). 

(la) and (lb) follow directly from (3) and the transformation properties of $^' C2 given 

in (2) of Proposition [2~71 

(lc) Using (3) and the transformation properties of i?^' C2 given in (6) and (7) of 

Proposition 12.71 we see 

f u (z;r + l) = f u (z;r) (3.6) 

and 

k (*; ~z) = re 2mm{z2 - u2)/T f u (z; r). (3.7) 

n 



\T T 

Combining these results we get (lc) 



Remark 3.6 We do not need (3) to prove (1): We could also prove Q3.7p using (6) of 
Proposition 13.31 and an analogue of (2) of Proposition 1 1 . 101 for R m y. 

i?„ M ( W ;r) + ^=e 2 ™ 2 / T -=L V e-^l m R m J----)=2h l {u;r). 
\J—lT \J2m *—i Vt t/ 



v mod 2m 



We will not prove this equation. Part (lb) and equation (13.6[) may also be proved by 
using properties of f u given in Proposition 13.31 and properties of R m ,i, which we will 
not give here. Part (la) follows directly from the fact that both f u and d m ; satisfy 
(E). 

Proposition 3.7 Let R m ^i be as in Definition \3.4\ Then 
(1) if a, /3 € R then 



— 2-Kima. t d / _ i r% \ ■ / A-nimaB 

df v V 



E\ —27rimX r—47rimX3 
Ae 



(2) r 



-27rima r 



Rm.i(ctT + /?; r) is an eigenfunction of the weight 1/2 Casimir 



operator Hi = — Ay 2 g^gj, + iy-g% + je with eigenvalue 



16- 
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Pi 


roof: 


(1) We have 






d 


o - 2 

— ZiTima r r> / 


cut + (3;t) 




1 
~ 2 


( d 

\dx 


dy) 








E 

Aez 

X=l mod 2 


jsgE 

m 


■K)- 




= - 


i Jm 

2V7 

A 


^ V2^ + 
Aez 

=1 mod 2m 




= - 


[m 

A= 


E 

Aez 

\l mod 2'< 


( A 

he 

V2m 

7i 



-27rim(A/2m+a) 2 T-27riA/3 



^ (^- + a) £'((A + 2ma)^y~0 j e -^im(X/2 m+a fr-2^xp 



. -27rim(A/2m+a) 2 T-27riA/3 



If we now substitute A' = ^ + a we get the desired result. 

(2) From (1) we see that r t— * ^/y-^=e^ 27 ' lma T R m j(aT + 0;t) is anti-holomorphic, so 

^Vy^~ 2mma2T RmA^r + 13; r) = 
We can write the operator fli = — 4y 2 Q ® dT + iy-§= + jg as 

2 16 OT OT 



Hence 



S2ie K m i(aT + p;rj = — e K m i(aT + (j;t), 

2 16 



which proves (2). □ 

3.3 Transformation properties 

Before we can state the main result we need the following 

Definition 3.8 Let ueC and let / be a real-analytic function in a neighbourhood 
of u. If g is a meromorphic function with a pole of order s in u, then / • g has, in a 
neighbourhood of u, an expansion 

Y, 2 <*«,»(*> -«) n (v-«r- 

n> — s m>0 



3.3 Transformation properties 
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We define 



Res 

V — u 



f(v)g(v) 



0-1,0 



1 d s 



(f(v)-(v-u) s g(v) 



(s-1)! dv*- 1 

If / is holomorphic the definition coincides with the usual definition of the residue. 
Now the main result: 

Theorem 3.9 Let ip be such that z i— > ^(z;r) ; for fixed r £ !K, is a meromorphic 
function. If ip satisfies (E), then ip has a development of the form 



<P(z;t) = ^ hi(T)$ m ,i(z;T) - 2iri ^ 



u^Sing <p(-;t) mod A T 



Res 

V — U 



fv(z;r)ip(v,T) 



l mod 2m 

for t £ "K and z $■ Sing </?(•; r), uratt 

Sing<^(-; r) := {u € C | z i— ► ^?(#; r) /ias a poZe m u}, 
A T = Zr + Z, 

and, for < I < 2m — 1 and any p £ C swc/i t/iai i/iere are no poles on the boundary 
dP p of P p :=p+ (0,l)r+ (0,1), 

h,(T)=e-* il2r / 2m f P ' ^{z-T)e-^ Uz dz~Tti V Res [i^fo tM«; r) 

p ti£sing p v(-;t) 

witt sing p v(-;r) = Sing<^(-; r) n P p . 

I/y> a/so satisfies (M), then the vector (hi), , „ transforms under the action of 
SL2(Z) as in equations (|3.3|) and (|3.4[) . 

Proof: Let p € C be such that z i— > <^(,k;t) has no poles on <9P p . Let z £ P p , 
z $_ Sing <p(-;t). Now consider 



9P„ 



f v (z-,T)lf(v,T)dv. 



We compute this integral in two different ways. On the one hand, the function we are 
integrating is 1-periodic. Hence 



op v 



fv(z;r)(p(v;r)dv 



p+i /"P+i 

f v (z;T)ip(v,T)dv - / f v+r (z;T)ip(v + T;r)dv 



(/„(*; r) - e - 2 " mT - 47rim V,+T(*;r))^;T)cfo 

i=0 "'P 



• v 

2m-l 
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by (4) of Proposition 13.31 On the other hand, we can compute the integral using the 
residue theorem. The poles of v t— > f v {z\r)ip(v ; r) inside P p are the poles of <p> inside 
Pp, together with z, and the residue in v — z is ^^p(z; r). Hence 



dP v 



f v (z;T)cp(v;r)dv 
= 2m V" Res f v (z;r)ip(v;T) + p(z;r) 

*■ — » v— u L 

"Esingp <p(-;t) 

= 2m V Res f v {z;T)<p(v;r) \+ip(z;T) 

* — » v=u L J 

u£sing p tp(--r) 

+ iri V* ^ mi ;(z;r) V" Res R m ,i(v,T)ip(v;T) 

z — ^ z — / u=w 

I mod 2m uGsing p y(-;r) 

If we compare the two evaluations of the integral, we obtain 

p{z;r) = y~] h l (T)§ rn ^{z;T)-2m V" Res J v {z;t)lp(v]t) 

I mod Ira uGsing ip(--.r) 

with hi as in the theorem. Since v i— > /„(z; t)</?(v; r) is invariant under translation by 
a lattice point, so is u i— ► Res f v (z;T)ip(v,T) . Hence we can replace > by 

«£sing p ^(-;i") 

y . So far we have only proven the identity for z € P p . However, both 

fz^Sing tp(-;r) mod A T 

sides satisfy (E), so the identity holds for all z € C, z ^ Singy^-; r). 
In the rest of the proof we assume that ip satisfies (M) . Let 



Res 

V — u 



Mz;t)lp(v;t) 



<p{z;t) :=2iri ^ 

u£Sing i/?(-;t) mod A T 

From the first part of the theorem we see that p + <p is a holomorphic function, which 
satisfies (E), and 

<P(z;t) + <p(z;t) = ^ hi(T)tf m .i(z;T) 

l mod 2m 

If we can show that (p also satisfies (M), then the second part of the theorem follows 
from the second part of Theorem 13.11 applied to ip + dp. 

Let 7 = ( a c b d ) & SL 2 (Z). If u is a pole of p (•; jt), then u' — [err + d)u is a pole of 
tp(-;r), and A T = (cr + d)K 1T . Hence 

Singtp (-;7t) mod A 7T = (cr + d) Sing </?(•; r) mod A r . 

Using (5) of Proposition ET5l we find 

~ / z ar + b\ f v u \ / w ar + 6 x 

•/^^Td ^ cr + c j' cr + rf y ^cr + d cT + d) \cr + d' cr + d; 

= (or + d) k+1 - s e 2mmcz2 ^ CT+d ^f v {z; t)(v - u) s <p{v; r). 
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If we apply j^ £^ 



to both sides and multiply by (ct + d) s 1 we find 



Res 



- f z ar + d\ f v ar + d 

J^Td ycT + d' cT + d)^ \CT + d' cr + d 

= ( CT + d) k e 2nimcz2/{cT+d) Res \f v {z-T)<p{v-T) 



Hence 



9 



z ar + b 



Res 



I'll 



z ar + b\ ( V ar + d 



d' 



ct + a ct 



.. , z ar + b 

J u — n'' — r^ I <p 

CT + d CT + J 



CT + d CT + d 
v ar + d 



ct + d ct + d 

= 27ri J2 

uGSing ^(-;7r) mod A 

= 2ttz \J Res 

u'GSing iyp(-;r) mod A T c-r+d 

= 2wi V (cr + d f e 2^mcz*/{cT+d) Res [/„(«; rJ^vjT- 

u'GSing <^(-;t) mod A T 

= (cr + d) fe e 2 ^ mcz2/(cT+d) ^(z; r), 



cr + a cr 



where in the second step we have substituted u — e " rf . 



n 



3.4 Simple poles 

If all the poles of ip are simple, the theorem from the previous section reduces to 

Corollary 3.10 Let ip be such that z t— * p(z;r), for fixed r G 3€, is a meromorphic 
function having only simple poles. If (p satisfies (E), then 

^( Z ' T )= X! hi(T)$ m .i(z;T)+ ^ d u (T)f u (z;T), 

uGSing </?(-;t) mod A T 



l mod 2m 



with 

Sing <£>(•; r) := {u G C | z i— ► i^(z; r) /ias a poZe in u}, 

A T = Zr + Z, 

d u (T~) — — 27ri Res(/3(z; r), 

and, /or < / < 2rn — 1 and any p£ C smc/i t/iai there are no poles on the boundary 
dP p of P p := P +(0,1)t+ (0,1), 

ht(T) = e-* il2T ' 2m f P p(z;T)e~ 2 * Uz dz + \ £ duM^^r), 

•'P r- ■ I \ 
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with smg p ip(-;T) = Singer) n P p . 

If ip also satisfies (M), then the vector (hi), ri2 transforms under the action of 
SL2(Z) as in equations (|3.3p and (|3.4[) . 



In a special case, the residue function r i— » d u (r) has modular transformation 
properties: 

Proposition 3.11 Let tp and d u (r) be as in Corollarv \3.10\ and suppose that the pole 
u of </?(•; t) is of the form u = ar + /?, with a, (3 G Q independent of r. TTien 
t i— > e 2jTlma T d u (r) transforms as a modular form of weight k — 1 on some subgroup 
T a . of SL 2 (Z). 

Proof: From the definition of d u we can easily verify that 

J t-.\ „— 2irim(\ 2 t +2\u) j / \ 

au+\T+v(T) = e \ 'd u (T), 

and 

d _^_ (^-^) = (cr + d)*- 1 e a » imoua /( CT+,, )d B (r). 

Hence (u,t) i— > d u (r) transforms as a Jacobi form of weight fc — 1 and index to. By 
Theorem 1.3 of [9, pp. 10] we get the desired result. Actually, that theorem also 
assumes a growth condition, but one can check in the proof that the growth condition 
is not needed to prove the modular transformation properties. □ 



3.5 An example 

Define (p by: 

(i?o,o(z;t)i9 0j i(z;t)i9i )0 (.z;t) 



<p(z;r) 






O-C 



with o>i) (z; r) := £ Aea+z e ™^+2™A(*+&) ; ^ = e 2™z and q = e 2™r _ 

Using Table V on page 36 of [TH] we see that ip transforms like a Jacobi form of 
weight k — 1 and index to = 13 on the full modular group. (Note that Mumford uses 
the notation i?oi> $io an d $11 for the functions denoted here by i? i, i?i q an d i?i i. 
Also there's a mistake in the 4th formula on the right: it should read "&u(z/t, — 1/t) = 
— i(— it) 3 exp(7riz 2 /T)t?n(2;, r).) 
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The function <p is meromorphic in z with simple poles in Zt + Z. If we take 
p = —\t — | then sing p tp(-; t) = {0}. Further 

k i0 (0;r)0 0i .(0;r)^ i0 (0;r)) 9 x ^ x (0;r) s 
Res tp(z\T)= V " - ~ ~ 



z=o ry ' ' A(r)l?'i i(0;t) tt 9 A(r) 

2 ' 2 

^3^8 



1 (-2tt7 ? (t) 3 ) 8 128 



tt 9 A(r) TT ' 

where we have used Jacobi's derivative formula (see [HI pp. 64]), and (10) of Propo- 
sition 11.31 

Corollary 13.101 gives: 

<p(z;r)= Y, hi(T)d 13 ,i(z;r) + 512if (z;T) (3.8) 

l mod 26 

with 

2 f P+1 

hi{r) = e- rf T/w / pfo r)e- 2 ^dz + 256ti2 18 ,i(0; r), (3.9) 

for < I < 25. According to the corollary the hi transform as a vector- valued modular 
form of weight | . 

Since ^ is holomorphic as a function of r, the Fourier coefficients 

e -«J»r/2B [ P+ \( z;T ) e -^ dz 
Jp 

are holomorphic as a function of t. In particular they are eigcnfunctions of f2± with 
eigenvalue jg. Using (2) of Proposition 13.71 we see that r i— ► i?i3,;(0;r) is also a 
eigenfunction of Oi with eigenvalue yg. Hence 

f2±/l; = — hi. 
2 16 

So the hi form a vector- valued real-analytic modular form of weight ~ ■ The transfor- 
mations are: 

hi(T + l) = e-* il2 / 2 %(T) 



f mod 26 

Using (1) of Proposition 13 . 71 we see 



jU;(r) = 256\/l3 J/" 1 I] A. 



p 26-n-iA t 
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Note that X^as-^+z ^e~ 267 " A T is the complex conjugate of XIag-L+z Ae 267rlA T , which 
is a theta function of weight 3/2. 
Summarizing, we have proved: 

Proposition 3.12 Let ip be the function given by 

(&o t o(z; r)i? 0) i(z; r)i? i >0 0; r)J 



^(z;t) = 



A(r)tfi i(z;r) 



2 ' 2 



TTien </? can 6e decomposed as in (|3.8p . toiift. /i; as m (|3.9[) . and (^z), , 2fi is a vector- 
valued real-analytic modular form of weight 1/2, with eigenvalue 3/16 for the weight 
1/2 Casimir operator. 

This is a very special example: It has been constructed is such a way that the d u 
are constant (as a function of r). As a result the hi are eigenfunctions of a Casimir 
operator. However, in general the d u will not be constant and the hi will not be 
eigenfunctions of a Casimir operator. So in general we do not end up with a real- 
analytic modular form. 



Chapter 4 

Mock ^-functions 

4.1 Introduction 

Mock ^-functions were introduced by S. Ramarmjan in the last letter he wrote to G.H. 
Hardy, dated January, 1920. For a photocopy of the mathematical part of this letter 
see [2U PP- 127-131] (also reproduced in [4]). In this letter, Ramanujan provided a 
list of 17 mock ^-functions, together with identities they satisfy. Ramanujan divided 
his list of functions into "third order" , "fifth order" and "seventh order" functions, but 
did not say what he meant. There's still no formal definition of "order", but known 
identities for these mock ^-functions make it clear that they are related to the numbers 
3, 5 and 7. Therefore we regard the order of a mock ^-function merely as a convenient 
label, which may or may not have a deeper significance. 

In his letter, Ramanujan explained what he meant by a mock ^-function. In [5] we 
find a formal definition. Slightly rephrased it reads: a mock ^-function is a function 
/ of the complex variable q, defined by a q-series of a particular type (Ramanujan 
calls this the Eulerian form), which converges for \q\ < 1 and satisfies the following 
conditions: 

(1) infinitely many roots of unity are exponential singularities, 

(2) for every root of unity £ there is a $- function "d^(q) such that the difference 
f(q) — $t(q) is bounded as q — > £ radially (presumably with only finitely many 
of the $£ being different), 

(3) there is no ^-function that works for all £, i.e. / is not the sum of two functions, 
one of which is a ^-function and the other a function which is bounded in all 
roots of unity. 

(When Ramanujan refers to i?-functions, he means sums, products, and quotients of 
series of the form J^nez e n q an +bn with a, b £ Q and e = —1, 1). 
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The 17 functions given by Ramanujan indeed satisfy conditions (1) and (2) (see [2"6] . 
[2"7] and [53]). However no proof has ever been given that they also satisfy condition 
(3). Watson (see [35]) proved a very weak form of condition (3) for the "third order" 
mock ^-functions, namely, that they are not equal to ^-functions. 

In this chapter we will see that condition (3) is not satisfied if we strengthen it 
slightly. Indeed, we shall discuss vector-valued mock ^-functions F for which there is 
a vector- valued real-analytic modular form H such that F — H is bounded in all roots 
of unity. 

There are several ways to get these results: For example let us consider the "fifth 
order" mock ^-function (using Watson's notation) 



/o(«) = E 



q" 



-<?;<?)r 

with (a) n = (a; q) n := (1 — a)(l — aq) •••(! — aq 11 ^ 1 ). Andrews (see [2]) showed that 



n=0 



*>(?) = A~ E E (-l) J 'g* nS+ * n - J "(l - <z 4n+2 ), (4.1) 

n>0 \]\<n 

with (q)oo = Il^Li(l — 9™)- Using this identity, Andrews (see [3]) showed that fo(q) 
can be seen as a Fourier coefficient of a certain quotient of Jacobi theta functions. 
Next Hickerson (see [T3J) showed that fo(q) can be related to a sum similar to the 
Lerch sum discussed in Chapter I. Similar results have been found for most other 
mock ^-functions. Hence we can extend the results of Chapter I to include these 
"Lerch-like" sums and thereby get the transformation properties of /o- We may also 
use the techniques from Chapter 3 and the representation of the mock ^-functions as a 
Fourier coefficient of a meromorphic Jacobi form, to find the transformation properties. 
However, we will use (I4.1[) and similar identities for the other mock ^-functions and 
apply the results from Chapter 2. 

4.2 General results 

Before we start with the mock fJ-functions, we derive some general results, which we 
will use repeatedly. 

Definition 4.1 For a, b <G R and t E 3i wc define 

Ra <b (r)= E sgnM/?(2^ 2 y) e -™ '-^-", 

vEa+Z 

with y = Im(r) and (3 as in Lemma 11.71 

This function, a kind of non-holomorphic unary theta-series, is a slight modification 
of the function R studied in Chapter 1 (cf. (1) of the following proposition) and is also 
similar to the function i? mj ;(z;r) defined in Definition! 
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Proposition 4.2 Let a £ (0, 1), b £ R and t£M. FKe /lave 

(%> fl ,b(T) = i e -™(a-3) 2 ^2«(a-i)& ^/^ _ 1) T + fe + 1 . r A ^ £ fls rfe y^ erf j„ 

Lemma ["Ol 

/ioo / \ 

— -. °" = rfz, wii/i g ai h as m Definition \1.14\ 

■t y/—i(z + r) 

(3) If £ £ Q, i/ien R a ,b(T~) is bounded as r J. £. 
M -§r R *A T ) = ~*vfe 9a,-b(-r). 

f5j r i— > i? a ,(,(r) is an eigenfunction of the weight 1/2 Casimir operator J7i = 
-4y 2 gfg= + «y^ + j|, wit/i eigenvalue ^. 

Proof: (1) By definition we have 

i?((a-i)r + 6+i;r 

= £ {sgnH -£;((!/ + a -i)^)} (-l)"-^—*" 2 -2™ ((a-|)r+6+i). 

Using Lemma fTTTl we write sgn(z^) — E ((^ + a — i) V 2 ^/) as the sum of sgn(j/) — sgn(i/+ 
a — i) and sgn(V + a — i)/3(2(z/ + a — ^) 2 y). We see that sgn(^) — sgn(z/ + a — i) =0 
for all ^ G ^ + Z, since a <G (0, 1). Hence 



J2 sgn(^ + a -i)/3(2^ + a -i) 2 ? y) (-l)"-* e -™ 2 -2— ((a-i)r+ b+ i) 

i+Z 

e «(a-I) 2 r+ 27 r 4 (a-I)(6+I) ^ ggn^)^^) (_ 1 )^-« e -^ 2 r- 



i(a-i) 2 r+27r 4 (a-i)(6+i) V^ S(m f„W9,y 2 ^ f_ -, ^- a( ,-mv 3 T-2niv(b+^) 
v£a+Z 
_j e «(a-i) 2 r+2«(a-i)6 ^(r), 



where we have substituted v ^r v — a + 5 in the second step. 

(2) Use (1) of this proposition and (1) of Theorem 1 1 . 161 with a replaced by a — \ and 
b replaced by —6 — i. 

(3) This follows directly from (2) and the fact that lim^ g a _b{z) = for all (eQ. 

(4) This follows directly from (2) by taking J= on both sides. 

(5) From (4) we see that r 1— ► ^/y-§=Ra,,b{i~) is anti-holomorphic, so 

d d 

^Vy-Q=: R *Av = 0. 
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We can write the operator Qi = —<±y 2 d ® dT + iy-§= + jg as 

2 16 or or 

Hence Oi.R a ,b = ^-R a > □ 

We now return to the general setup of Chapter 2, i.e. indefinite ^-series for a 
quadratic form Q of type (r — 1, 1). In the next proposition, we will rewrite 

£ sgn(5(c^))/3 (-^£v) e w,( " f4M( ^ 

(this is the same series as in (|2.10p ) for c G Cq Z r . In order to do so, we write 

v = \x + rac with /i G a + Z r , n £ Z, such that 2 o(c) ^ IP> ■'•)■ Since c G Z r 
write 

^'^ [0,1)1 = U ("> + <^ 



/iGa+Z' 



2Q(c) 



(disjoint union), for a suitable finite set Pq, with (c) z := {£ G Z r | B(c,t;) = 0}. Wc 
can now state the result: 

Proposition 4.3 Let c £ Cq n Z r 6e primitive. Then there is a finite set Pq (see 
above), such that 

J2 Bgn(B(c,,))/3 (~^ffy) e^^ + 2^ B{ „, b) 

iwtfi /^o" = Mo - 2Q(°) C and b^ = b- f^fc. 

Remark 4.4 Since Mq + (c) z is a shifted (r — l)-dimensional lattice, on which Q is 
positive definite, the inner sum 

V^ e 2iriQ(t)T+2iriB(£,b ± ) 

is a classical (positive definite) theta function, and is in particular modular of weight 
(r-l)/2. 

Proof: We write v = /j,q + £ + nc, with /j,q £ Pq, £ £ (c) z and n £ Z. Set jUq = 
Mo - ^c. Then B(c,/^) = and 

/ B(c,hq)\ _, 
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so 

^2 



uea+v Q(° 



°' V ' V ) e 27ri< -'"" 7 -2;-'i>'i/'.'-i 



Y, Bgn(B( C> i/)))9 

= E E E s H n+ ^Q73rM- 4g(c) l n+ 



y • 



2Q(c) /^ V ^ W V 2Q(c) 

2«Q(c)( n +-^itti) 2 T+27r l Q(p ( j-+C)r+2 7 r J i3(c : 6)(»+-^iaI)+27r l S( Ai| |+C,b) 



e 
= - E ^.-W^^ • E e^t-M-^-.'). 

If we use -B(a, 6) = B(a, b ) for all a <G /i^f + (c) z , we get the desired result. □ 



4.3 The seventh order mock ^-functions 

In this section we deal with the "seventh order" mock ^-functions from Ramanujan's 
letter. In [T^l pp. 666] we find the following (slightly rewritten) identities: 



(<Z)oo?0(?)=(£-E)(- 1 ) r 



r,s>0 r,s<0 



r.s>0 r,s<0 

3„2j_>l„ ( ,j_ 3 J i 3 ,„_|_ 3 



(?)oo^ a (g) = (E -E (- 1 ) 



r,s>0 r,s<0 

We will use these as the definitions of the mock ■#- functions. We rewrite these identities 
(C„ := e 2 -/"): 

2^(r)Cl4 q-^Mq) = E { S ^(B(V, d)) - 8gn(B(l/, C 2 ))} ^("W^B^e) 

2^(r)Ci4 «*$>(?) = ]T { s S n ( B ^ c i)) ~ s S n ( B (^ c 2))} e 2viQ ^ T+2niB ^^ 

2r,(r)Cu q-^Ti(q) = ]T {sgn(B(«/,ci)) - sgn(B(i/, c 2 ))} e 2 "«M T + M (^ e ), 

with A = (||), ci = (^ 3 ), c 2 = (^ 4 ) and e := ({). We have B(ci,c 2 ) = -28 and 
Q(ci) = Q(c 2 ) — — ^-. If we choose Cq such that Ci 6 Cq then also c 2 e Cq. 

We collect these three mock ^-functions into a single vector- valued mock i^-function 

(q-TM J (g) N 
F 7 (r) := g w^ 2 ( g ) 
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To express its modular transformation behaviour, we also introduce 



-i m 



*w-3fo I ;***•!«■ 



14 L ' 14 c 
14 L > 14 L 



with i? 0i (, as in Definition I2.H and 



41 1 



G 7 (r) 






Note that the components of H 7 are the quotient of a (real-analytic) binary theta 
series by n, while the components of Gj are (real-analytic) unary theta series. 

Proposition 4.5 We have 

F-j = H 7 + Gj, 

where 

(1) The function H 7 is a (vector-valued) real- analytic modular form, of weight 1/2, 

satisfying 

/Cf68 \ 

H 7 (t + 1)= Ci 4 6 7 8 \H 7 (t), 

V cr 6 IV 

and 

, „ /sinf sin^L sin ^L \ 

H 7 ( )=V :l iT-F= sin^ -sin^L s i n 2 J? 7 (r), 

V tJ ^ \ sin ¥ sin f -sin^/ 

and is an eigenfunction of the Casimir operator fii, wzt/i eigenvalue j*. 

(2) TTie function Gj is bounded if r J. £, with £ G Q. 



Proof: We consider the functions i?j_„ j_„, t9j_„ _§_ and •&_§_„ _3_„. Using (4) and (2) 
of Corollarv l2.9l we see 



14 c ' 14 c 14°' 14'- 14°'14 c 






14^' 14 s 
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Using Corollary [2U and d s i_ e = -~ e 27rii -^ +s ^$ e _ s i_ e for aU s = (£ ) G R 2 , which we 
get from (1), (2) and (3) of Corollary [231 we obtain 

If we use tj{t + 1) = £2477(1") and 77 (—7) = \f—ir tj(t), we get the transformations for 

Using Proposition[0]we see (P = {-■ jfe, — fje, — ||e} and (c)£ = {£ G Z 2 | £1 = 
0} = {(&)|6 6Z}) 



E S6u(B(ci ,, ))/ ,(-^L„) e 

= -#13 i(21r) V e 37r ^ T+7rV2 -i?27 _i(21t) \^ e 37ri^T+7Ti M2 

42 ' 2 -*! ^ 42 ' 2 ^ ^ 

M2e-i?+z |U 2 e-^+z 

-i?«_i(21r) V e 3«M|r+7riM2 

42 ' 2 v y ^^ 

M2 e-^+z 
= -'?W (Cr 2 1 %^i(21r) + Ci2%,_i(21r)) . 

Similarly we find 

J2 sgn(B( Cl , ,))/3 (_^£„) e a-«j(,)r4*NB(v, A .) 

= -V(r) (C 1 5 2 i?i|,_|(21r) + Ci- 2 5 i?||,_|(21- i 
2 Bgn(B( Cl , ,))/3 (_^£ y ) e « MT+M (^e) 



ue^e+Zr 

= -v 



(r)(C4%,_|(21r) + Cr 1 i?||,_3(21r)) 



and 



*=£W v g(C2) ' 

= »7(r) (G 1 i?i|,_i(21r) + Ci2%,_ 4 (21t; 

V sgn(B(c 2 , v))0 f-^ly) e^M^t".*') 

= »7(r) (Ci 5 ^- s(21r) +C 1 - 2 5 i?n,_5(21r; 
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]T sgn{B{c 2 ,v))p(-^^- y]l 



2iriQ{u)T+2iriB{v,f z e) 



(r) f C 4 i?M _a (21t) + Q^Rsi _a (21t 

\ 42 '2 ^ 42 '2 / 



Hence, if we write p(v; r) as the sum of the three expressions (|2.7j) . (|2.8|) and (|2.9| . we 
find 

+ 2r / (r)(cr 2 1 %,-i(21r) + Ci 2 %,_i(21r)) 

= 2Cm ?-^»7(r)3b(?) +2r?(r) (Cu^.-^It) + Ci2%,_| (21r)) , 
so 

^14 „q . . /_\ -tot a- f„N i A-13 



2t7(t 
Similarly, we find 



0i e ieW= ^^^0(9) + C 8 4 %,-i(21t)+C84 J R«_i(21t). 



^y ^e, Ae (r) = «*$,(«) + Cf 4 9 i%_|(2lT) + Q 41 , 



T^fr Ae A e (r) = « _ ™ Ji(ff) + Ca»#aa _a(21r) + C^-Raz _s(21r). 

27?(t) 14 c >14 ev ' v ' z ° 42 > 2 v ' zo 42 ' 2 v ' 

So 

-ff 7 = -F7 — Gj. 

Using (5) of Proposition [42] and the fact that F-j is holomorphic, we find 

3 

n h F 7 = Af 7) 

and so 

3 

f2 1 _ff 7 = — H 7 . 
3 7 16 

Hence 7J7 is a vector valued real-analytic modular form of weight 1/2. From (3) of 

Proposition 14. 21 we obtain that G7 is bounded if t J. £, with £ S Q. □ 

As a corollary we get the description of the non-modularity of the "seventh order" 

mock ^-function F 7 . To state the corollary we need the following vector of theta 

functions of weight 3/2: 

'Csi 13 ffif.i +C84 5|i,i 

97(r):= Cs 7 4 3 3ii,i +C| 4 9 51,1 [ (21,) 
V Cliff l,i+C 8 4 4 7 3|i,i 
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This function has the following modular transformation property, which can be verified 
using standard methods: 



.97 



(~) = -M 7 (-zr) 3 / 2 . 97 (r), 



with 



„ /sinf sin^ sin ^ 
M-i := -= sin ^ - sin ^ sin f 
V 7 y s in2iL sinf - sin ^ 



Corollary 4.6 FKe have 



F 7 (t) - -^=M 7 F 7 (--) = iV21 f 
V-it v t/ Jo 



97{z) 



dz. 



y/-i(z + r) 
where we have to integrate each component of the vector, as well as the obvious equation 



'Gs 







F 7 (r + 1)= Ci6 7 8 \F 7 (t). 



Ci 68 

Proof: According to Proposition 14.51 we have 

1 



25 



H- 



-itM 7 H 7 {t). 



If we replace r by — 1/r in the equation (or multiply both sides by M 7 / 'y '—it and use 
M 7 2 = I) we find 

H 7 {t) = -L=M 7 H 7 (— 1 ' 



so 



*V(t) 



^M^f--) = G 7 (r) - - 1 ==M 7 G 

—ir V t/ v—ir 



'(4)- 



Using (2) of Proposition B31 and (2) of Proposition ITTT51 we see: 



/ioc 
_ 



m{z) 



dz. 



Hence 



y/-i(z + r) 

/ g 7 ( i ) jf 1 r - ^ 

'-ir V tJ V -It Jx/f ^/-i(z - 1/t) 

9r(-^/z) dz 



(4.2) 



(4.3) 



dz 



W21 



y/l + T/z (~iz) 2 ' 
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where we have replaced z by —1/z in the integral. Using the transformation property 
of 97, we find 

-^=Gr(--) = ~iV21M 7 (~ T , 91{Z) dz. (4.4) 

Putting ([lUf and l|Q|l in |[4T2|) we get the desired result. □ 

Remark 4.7 Using (2) of Theorem 1 1 . 1 61 we could give the non- modularity of Fj in 
terms of the function h from Chapter 1. The result is similar to results found by 
Watson in 126 for the "third order" mock $- functions. 



4.4 The fifth order mock ^-functions 

In this section we deal with eight of the ten "fifth order" mock ^-functions from 
Ramanujan's letter. The remaining two will be discussed in the next section. In [2] 
we find the following identities: 

-. oo 

h(q) = j±- £ (-l)'gi» a +*»-'- a (l - g 4 " +2 ) ; 

\j\<n 
1 oo 2n 



n=0 j'=0 

/ \ oo oo 

i + 2Mq) = TT^i 1 + 2 E(- 1 )"«" 2+n - 2 E (-l)^*" 2 -'™-^ 2 -'^! - q n ) 

v ' n— 1 n— 1 

|j|<n 

w>(«) - ;7 ; V°° E (-i) 3 'fl 8n3+2n - 8ia - i (i - g 6n+3 ), 

(Q ,q )oo n=0 

OO 



/l(«) = 7^ E (-l) J '^" 2+ «"- J ' 2 (l - q 2n+ % 
.. oo 2n 

^) ^EE(- 1 )V" 2+4 " 4j24, (i+5 2 " +1 ). 



~ n =0j=0 

OC- 



W«) = tt^ E (-l)^*" 2+ * n -« i2 -^(l - 9 2 " +1 ), 



/OC 

|j'l<n 
,21 



(q ,q )co n=0 



Joe 
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Note that there are mistakes in the 3rd and 8th formula in [2]. We will use these 
identities as the definitions of the mock ^-functions. We write four of these identities 
in a more suitable form (the other four will be discussed later): 

Lemma 4.8 We have 
2i 1 (T)q--sof (q) 

= Yl {Bgn(B(i/,d))-sgn(iJ(i/ j02 ))} e^M'+^Ki/O) 

2T){r)q^ fi(q) 

J2 {sgn(B(,, Cl ))-sgn(B(,,c 2 ))} e ^M^ B (-( i%)) 

,e(3/ o 10)+Z 2 

2 v ( T )q-^(-l + F {qi)) 

= £ { S gn( J B(, ) c 1 ))-sg n (B(,,c 2 ))} e^W^K 1 /")) 



71 „ , 1 . 



^i'!/fi+z= 



277(T)g ™>Fi(g 2 ) 

= £ { Sgn (S(,, Cl ))-Sgn(B(,,C 2 ))} e *H0Mr4*HB(..(^)) 

Kv9 +Z2 

2^(t)C8 _1 ^™(-1 + ^o(-^)) 

^ {sgn(i?(^ Cl ))-sgn(i3(^ C2 ))} e 2 " Q( ^ +2 " iJ (-(i/4)) 

1/6 % 

.1/4, 

27 7 (r)C 8 - 1 ^F 1 (-g5) 

£ {sgn(i?(,, Cl ))-sgn(i?(^ C2 ))} e 2 " Q( ^ +2 " iJ «i/4)). 

2/5 N 
.1/4, 

ri^= (0-2); Cl = (1) a^ c 2 = (~ 5 2 )- 

Remark 4.9 We have B(c\,C2) = —70 and Q(ci) = <3(c 2 ) — —15. If we choose Cq 
such that ci 6 Cq then also c 2 6 Cq. 

Proof: We have 



ue{V 5 ,)+z 2 



^(-l)igl« 2 +l-i 2 (l_^ 



4n+2N 



n=0 

Ul<« 
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Et- 1 ) 



j„i™ 2 +3"--' 2 



n_j - E (-!)^ 2 



n=0 



n=0 
Ul<" 



jn 2 +in-i 2 



E - E )(-d^ 

n+j>0,n— i>0 nH-j'<0,n-j'<0 

where we have replaced n by — n — 1 in the second sum. From this we get the first 
identity. The proof of the 2rd identity is similar. 
Using 



E« i ]2 %i 



E *-*"-'. 



(4.5) 



j=o 



j=— n 



we see 



oo 2n 
n=0 3=0 



oo n 



\^ \^ /_ 1 )n g 5n 2 +2n-2j 2 -j/ 1 + (? 6n+3) 
n=0 j=—n 



E 



y^ v_i)»o5" 2 + 2 n- 2 /-j 



ra+j>0,n-j>0 n+j<0,n-j<0 



(q 2 ;q 2 ) 



E 



^ V_l)™g5n 2 +2n-2j 2 -j_ 



n+j>0,n—j>0 n+j<0,n-j<0 

From this we get the 3rd and 5th identity. Again using (|4.5|) we see 

n=0 j=0 



oo n 



J2 J2 (-l) n q 5n+4n - 23 3(l + q 2n+1 ) 

n—0 j— — n 

( Y^ - V^ V-nn 5n 2 +4n-2j 2 -j_ 

n+j>0,n— j>0 n+j<0,n-j<Q 



n 



From this we get the 4th and 6th identity. 

We collect these six mock ^-functions into a single vector-valued mock i9-function 

q^h(q) 

q-23o(-l + Fo(g5)) 

q 2io Fi(qz) 
g -2io(-l + F (-g2)) 



F 5 ,i(r) ■■= 



4.4 The fifth order mock ^-functions 



75 



To express its modular transformation behaviour, we also introduce 



#5,1 (T) 



Mr) 



( <Vl/KT 



X) 



1/5 

1/4 



2/5 

1/4 

Cstf/l/5\ 

Cs^f 2/5\ 
1/4 J 



,1/4) 
.l/l) 

(1/4, 



U8^/2/5\ / \ 
V {l/i)'{l/i)J 



(r), 



with yl, c\ and C2 as in Lemma 14.81 and 



G 5 .i(r) 





/ 2Ci 2 i?i £ + 2Ci" 2 1 iiii 5 

3 30 '2 lz 30 '2 




2Cl2-Z? 13 5 ■+- 2(f 19 i?23 5 
30 ' 2 ±z 30 » 2 


1 


— Rl9 n — i?29 n + R49 n + i?59 n 




60 ' u 60 ' u 60 ' u 60 ' u 


2 


— Xt 13 n — i?23 n + it 43 n + i?53 n 




60 ■ 60 ,w 60 ' u 60 ' u 




Co A R 12 5 + Co 4 i? 29 5 + C24-R49 5 + C 9 A R 
,z ^ 60 < 2 '^? 60 '2 * 60 '2 ,z ^ 




\C24-Ri3 5 + Cxd i?23 5 + £94 i?43 5 + C94-R 

V ' 60 '2 ,Z ^ 60 > 2 ,Z ^ 60 > 2 ,Z ^ 



(30r) 



Proposition 4.10 We have 



i*5,l — #5,1 + G. 



5,1, 



where 



(1) 27ie function H$i is a (vector-valued) real- analytic modular form of weight 1/2, 
satisfying 



#5,i(r + l) = 



/Ceo 1 \ 

Ceo 

Qo 

C: 71 



240 





71 



240 





o o c 

V C240 ) 



#5,i(r), 



anrf 



ft 



1 i(-^)=V=^^M 5 ^, 1 (r), 
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with 









V2 


sin 


7T 


V^sin 


2tt 

s 





\ 








V2 


sin 


27T 

5 


-\/2sinf 








73 sin f 


^-f 




















7f sin ¥ 


-7i sin f 






































sin^ 


sinf 




















sinf 


-sinf; 



Mr 



V 

and is an eigenfunction of the Casimir operator Qi 
(2) TTie function Gg^ is bounded if t J, £, wii/i £ G Q. 
Proof: We consider the function 



wii/i eigenvalue j^. 



0(r) 



#/3/KT 



73/11 
V 



1/5 \ 
1/4/ 

2/5 \ 
1/4 J' 



(#)■ 



Using (4) and (2) of Corollary |2.9l we see 



6(r+l) = 



/C40 







Vo 





S40 














<r~ 7 





' ' 

a/4, 

' ' 

a/4, 

1/2 N 

, 1 , 

1/2 N 
, 2 , 

■ * 
.1/4, 



A 



v&Mmj 



(r). 









r 17 






Al3 











r 37 





9(r). 



Letc-(- i;; 

I2TT5I we find 



then C € O^(Z), Cci = C2 and Cc2 = C\. Hence, using Corollary 



aci,c 2 
a a,b 



ac 2 ,ci 



aci,c 2 



Using this and Corollary 12.91 we obtain 



9 



. iT M 5 9(r). 



If we use rj(r + 1) = C24?7('?") and n (—7) = V '—it tj{t), we obtain the transformations 
for H 5yl . 
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If we write p{y\r) as the sum of the three expressions (J2.7I) . (|2.8[) and (|2.9p and 
use Proposition 14.31 we find 



0(i/io WO ) (r) = 2r;(r)g-^/ (g)-2r ? (T)(Ci 2 i?^ ! 5(30r) + Cr 2 1 %4(30T)). 
Hence 

2^0 ^Vio)^^)^) =ff-*/o(?)- (C U ii Al |(30r) + Cu 1 il tt ,j(30r)) . 
We can find similar identities for the other components of H^\. Combining them gives 

-^5,1 = Fb,\ ~ Gb,l- 
Using (5) of Proposition 14. 21 and the fact that F§ t \ is holomorphic, we find 

3 

^1^5,1 = — G$ ,1 

2 lb 

3 

^i-^5,1 = 77^5,1: 

2 16 

and so 

3 

2 5' 1 i 6 ^ 

Hence i?5i is a vector valued real-analytic modular form of weight 1/2. From (3) of 
Proposition 14.21 we get that G54 is bounded as r J. £, with (eQ. D 

As with Corollary 14.61 we could also use Proposition 14.101 to describe the non- 
modularity of the "fifth order" mock t9-function F5.1. We omit this. 
We turn now to the other four "fifth order" mock ■#- functions. 

Lemma 4.11 We have 



J2 {sgn(B(u, Cl )) - sgn(B(v, c 2 ))} e ^M-+^(-.(i? 6 )) 

•1 

i'7( r ) 2 li 



-(^V- 



2Ci"2 f^ZT 9 ro ^i(9) 



77(2r) 

2 {sgn(2?(i/, ci)) - S gn(B(p, c 2 ))} e ^M-+^(".( i/e)) 



-'i^l-- 
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r?(r/2) 



J2 {sgn(B(i/,ci))-sgii(B(i/,C2))} 

7 ^M 2 



2wiQ(u)r+2mB (v,( X j}° J J 



-('$)+ Z2 



- 2& #^) 9 "* W( - ?i) 



> {sgn(B(i/,ci))-8gn(B(i/,Qj))}e V V V6 ^ 

i ?7(t) 2 i , i. 

7 ? ((t + 1)/2) 

= Y. {sgB(B(^c 1 ))- S gn(B(z, )C2 ))} e 2 " gMr+M ("'(^)) 



-(i^J+ z2 



)1 
ry((r + l)/2) 



2cr 6 1 „.: (T) 1 2 ,^ <r*M«*) 



•'e['? / / 5 )+z 2 



£ {sgn(i?(,, Cl )) -sgn(B(,, C2 ))} ^W^HB^d?,^ 

2/5 N 
.1/6, 

withA= (o-° 3 ),- c i = (I) a«dc 2 = (" 5 3 ). 

Remark 4.12 We have S(ci,C2) = —120 and Q(c\) = Q{c2) = — 15. If we choose 
Cq such that c\ 6 Cq then also c 2 € Cq. 

Proof: The proof is similar to the proof of Lemma 14.81 We also have to use 

(9)oo (<z)L ^ ' V(r) 2 

and 

(-g)oo (g 2 ;g 2 )oo ?7(2t) 
Woo (g)2o ^) 2 ' 
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Only the first identity is a bit more difficult: We have 



J^ (-1)^2«M»-|J 2 -5J(1 _ g™) 



n=l 

\j\<n 



V (-l)^i" 2 +3"-iJ' 2 -3J - 


_ V" (_i)J g l™ 2 -5«-|j 2 -^' 


n=l 


n=l 


|j|<" 


b'l<n 



E 



5„2 , l„,_3„-2_ 1, 



y^ )(-iyg2™"+f™-fr-fj 



n+i>0,n— j>0 n+j<0,n— j'<0 

where we have replaced n by — n in the second sum. Hence 



l+2^(-l)"g™ 2+ ™ 



£„2_1 3„-2_1 



2 ^ (_l)^3n--3«-fr-SJ( 1 _ g «) 



n=l 

lil<n 



'( E 



n+j>0,n—j>0 n+j<0,n—j<0 



S„2 + l„_3 J -2_l j 



•2 y, (-i)v 2 + i. 

n— — oo 

(4.6) 



We have 



2 £ (-1) V + 1 = DC" 1 )"*"" = 7% 

n=-oo n£Z ^ ^ C 



Using this and (|4.6|) we find 
(-9) 



^o(g) 



(?)c 



( E E )(-i: 



,' 5„2, 1 3 -2_1 ■ 



n+j>0,n-j>0 re+i<0,n— i<0 

from which the result follows. □ 

We collect these six mock ^-functions into a single vector-valued mock ^-function 

/ 2q-<ktp (q) \ 

2qw<tp 1 (q) 

q-2io(p (-q2) 

-g 240 ^(-g 2) 

g"245(^ (g2) 

\ g-sfi^^g^) y 



^5,2 (r) 
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#5,2 (T) 



To express its modular transformation behaviour, we also introduce 

/ 2Ci 2 »j(2t) 0/i/io\ / o \to \ 
1, l/eJ'U/sJ 
2Ci2 r?(2r) #/ 3 /io\ / o \ ( T ) 

CeoV 7 "/ 2 ) <Vl/5\ /l/10\( r ) 

, ^l/e;^ i/8 ; 

2r/(r) 2 C 6 "oVr/2) i?/ 2/5 N / V10 \(t) 

U/ej^i/eJ 
Ci6r»((r+l)/2)f?, 1/6 s , „ Jt) 

(.l/eJ'U/eJ 
Ci«»»((r + l)/2)l>/ a/6 N / o nW 
v U/ej'U/eJ / 

with A, ci and c 2 as in Lemma 14.111 and 
/ 



G 5 , 2 (r) ■■= ~2 



2Ci 2 i?i £ + 2Cu^» 

30 '2 lz 30 

2Cl2^il 1 + 2Cl9 i?23 
' 30 > 2 ' '■" 



Rl9 Q 
60 > u 

-R 



R 



Ri 



R. 



o 



60'" 60 

Cr}A -RlO 5 + C9A-R 29 5 
60 ' 2 ^ 60 1 2 



n T J149 n 
„„> u 60 > u 

i?23 n + R43 n + R 

fin ;" fin i u 



60' 



SB > u 

— 
>o > u 

C24 ■Kffl 



5 



(30r). 



\C24-Ri3 £ + C94 -R23 5 + C 9A fi« S + ( M i?53 5 / 
^' 60 > 2 ,z ^ 60'2 ,z ^ 60 '2 z ^ 60 ' 2 ' 



Proposition 4.13 We have 



wht 



-F5.2 — -H5.2 + G 



'5,2, 



(1) The function i?5,2 is a (vector-valued) real- analytic modular form of weight 1/2, 
satisfying 



#5, 2 (t + 1) = 



(Q, 1 
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S60 


























C240 




















t 71 

S>240 








C240 











V 








t 71 

S240 





/ 



#5,2(r), 



and 



//.V-(-i) = ^^"Tg M 5 H 5>2 (t), 



with M§ as in Proposition \4-10\ and is an eigenfunction of the Casimir operator 
Hi, with eigenvalue yjp 
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(2) The function G$ t 2 is bounded if t J. £, with £ G Q. 
Proof: We consider the function 



0(r) 



i) 





1/10 
1/6 

3/10 
1/6 

1/5 
1/6 

2/5 
1/6 



\ 



1/5 
1/6 

V'(JS) 



(l/6 

d?a) 

1/10 
1/6 

1/10 
1/6 

' ■> 
.1/6, 



:i?.)/ 



(r). 



Using (4) and (2) of Corollary [2J] we see 



9(r + l) 
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S12( 























C24 
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/■19 

S120 
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67 

120 


/ 



0(r). 



Let C = ( q 1 "), then C e OJ[(Z), Cci = C2 and Cc2 = C\. Hence, using Corollary 
|2~T51 we find 

qci,c 2 _ oc 2 ,ci _ _ aci.ca 
^a.b — u Ca,Cb ~ u Ca,Cb 



Using this and Corollary [231 we obtain 



9 



-IT- 



I 



2 

7E' 





C10 sin f 
C5 sin f 



V 












Go sin f 

-Cs sin f 





Go 1 s^ f 

Go 1 s^ ¥ 










C^sinf 
-C'sinf 


















sinf 
sin § 



sinf/ 



0(r). 



If we use that 



T?(r/2) 
/(r):= h((r+l)/2) 
t?(2r) 
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transforms as 

1 
f(r + 1) = | C24 I f(r) 
C12, 

V2\ 
10 /(r), 
/ 

we obtain the transformations for H§2- 

If we write p{v]t) as the sum of the three expressions (|2.7j) . (|2.8p and (|2.9p and 
use Proposition 14. 3| we find 

f i?_L 5 (30r) + C^Rn s (30r)' 

\ 30' 2 v ' D 30 ' 2 x 'y 




1/10 w ^M=2(rMr^o(?) ■ '"' r 

1/6 J'U/6j 



77(2r) 



»?(2r) 



Hence 



Ci 



f/(2r) 



*fi/w\ ( x(T)-2g-^^o(g)+Ci2i?i,4(30r) + Cr 2 1 ^ii,|(30T). 



We can find similar identities for the other components of H^p.- Combining them gives 

-^5,2 = Fb,2 ~ G$ t 2- 

Using (5) of Proposition ^. 21 and the fact that i 7 ^ is holomorphic, we find 

3 

^1^52 = — G5,2 
2 16 



2 a >^ ig D >^> 



and so 



2 a '^ ig °> z 

Hence H52 is a vector valued real-analytic modular form of weight 1/2. From (3) of 
Proposition 14. 21 we get that G& : 2 is bounded as r J, £ , with £ <G Q. □ 



Proposition 4.14 XTie (holomorphic) function F$ :— i^.i + -F5.2 is a (vector-valued) 
modular form of weight 1/2, satisfying 



F 5 (t+1) = 



(Qo 1 
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F 5 (r), 
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and 



F 5 (- 1 -)=V^j=M 5 F 5 (r), 



y/E 

with M§ as in Proposition \4 ■ 1 0[ 

Proof: Since G^^ = — Gs.i, we get from Proposition ^. 101 and Proposition ^. 131 

^5 = #5,1 + #5,2- 

Using this, the transformation behaviour of F follows directly from the transformation 
behaviour of Hc, t \ and Hc,^, given in Proposition ^. 101 and Proposition 14. 131 □ 

Proposition 14. 141 implies that each of the six components of F5 := F$ t \ + -F5.2, i.e. 
each of the six functions 

q~^fo(q) + 2q-^i> (q) 
q^fi(q) + 2q^ip 1 (q) 
q --m(-l + F (qi))+q-^oip (-qi) 

71 1 49 1 

q 2J0 F^q?) - g~24oy) 1 (_g2) 
q—siB(—l +F (-qi)) + q~^°cpo(q^) 

q 2ioF 1 (-q2)) + q 210^(32) 

is a modular form on a suitable congruence subgroup of SL2 (Z) . The first four functions 
were already given in terms of theta functions in [2T, pp. 299]. Similar identities for 
the fifth and sixth function follow directly from the identities for the third and fourth 
function by replacing q? by —q?. 

4.5 Other mock ^-functions 

In the previous sections we have dealt with the seventh order and most of the fifth 
order mock #- functions from Ramanujan's letter. We were able to do this because 
identities for these mock ^-functions were available in the literature. Similar identities 
for the other two fifth order mock $- functions, xo and Xi> are n °t available in the 
literature, as far as I know. I have found the following identities (which I will not 
prove here) for xo and xi 

(q) — O ( V^ + \^ \(^\k+l+m±k 2 + ±l 2 + ±m 2 +2kl+2km+2lm+±(k+l+m) 



00 k,l,m>0 k,l,m<0 



tv-Mx + £)<-' 



22 
^»'°° k,l,m>0 k,l,m<0 



I \k+l+rn \k 2 + \l 2 + \m 2 +2kl+2km+2lm+\(k+l+m) 
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These series are similar to the ones we used for the seventh and fifth order mock theta 
functions. However, the quadratic form is of type (1, 2). Hence we cannot apply any of 
the results from Chapter 2. However, in [37] identities for xo and Xi are given which 
give xo and Xi as a linear combination of other fifth order mock ^-functions. Hence, 
we could derive the transformation properties of xo an d Xi ■ 

In Ramanujan's letter four third order mock ^-functions are given. Watson (see 
|26j ) defined three more third order mock $- functions. Later even more exotic mock 
$- functions were introduced: of sixth order (see [5]), of eighth order (see [TU]) and of 
tenth order (see [B], [7] and [5]). In these articles, identities are given, which relate 
the mock ^-functions to sums of the same type as the ones we used for the fifth 
and seventh order mock ^-functions. Hence, using the same techniques, we could 
derive the transformation properties of these mock ^-functions. In [30) I derive the 
transformation properties of the vector-valued third order mock ^-function 

/ q-&f(q) 
F{t) = 2«iw(g*} 
\2q3Lu(— qz)/ 

The result is similar to the results found in this chapter. 
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Samenvatting 



Dit procfschrift gaat over mock thctafunctics. Dczc mock thctafuncties zijn een 
"uitvinding" van de Indiase wiskundige Srinivasa Ramanujan. Ramanujan leefde van 
1887 tot 1920. Hoewel hij nooit een universitaire studie heeft afgemaakt, wordt hij 
door velen gezien als een wiskvmdig genie. Ramanujan werkte erg intuitief en bewees 
zelden z'n beweringen. Dit komt doordat hij door z'n onvolledige wiskundige opleiding 
nooit dc kunst van het bewijzen heeft aangeleerd. Het leven en werk van Ramanujan 
bevat dan ook een element van mysterie en romantick. 

Dc mock thctafuncties ontdektc Ramanujan kort voor hij op 32 jarige lceftijd stierf. 
Hoewel vcrschillcnde wiskundigen zich na de dood van Ramanujan met de mock theta- 
functies hebben beziggehouden, en ook verschillende resultaten hebben geboekt, is 
nooit echt duidelijk geworden wat er nu werkelijk aan dc hand is. Daardoor vormen 
ze nog steeds een bron van raadsels voor hedendaagse wiskundigen. In dit procfschrift 
plaats ik de voorbeelden die Ramanujan gaf van mock thctafuncties in een diepere 
achterliggende theorie (namelijk die van reeel analytische modulaire vormen). Hicr- 
mee kan een natuurlijke verklaring worden gegeven voor de eigenschappen van mock 
thctafuncties, zoals Ramanujan die beschreef. 

Het engelse werkwoord "to mock" betekent overigens zoiets als bespotten of spot- 
tend naapen. Wc zouden dus ook kunnen spreken over spottende thetafuncties of 
nepthetafuncties (thetafuncties waren in Ramanujans tijd reeds uitgebreid bestudeerd 
en ook Ramanujan was hier vertrouwd mee), maar dit dekt niet helemaal de lading. 
In "Alice in Wonderland" van Lewis Carroll komt een ncpschildpad (mock turtle) 
voor. Hiervan wordt nepschildpadsoep (mock turtle soup) gemaakt. In werkelijkhcid 
is nepschildpadsoep natuurlijk nagemaakte schildpadsoep (gemaakt van kalfshoofd, 
kalfsvlees, etc.) 



In hoofdstuk 1 bekijk ik de som 

/ i \n p Tti(n -\-n)r-\-2-Kinv 

nez 



(TeI,BeC,iieC\(ZT + Z)). 



Ik noem dit een Lerch som, omdat deze som ook al werd bestudeerd door Lerch. Dczc 
Lerch som transformccrt bijna als een Jacobivorm onder substituties in (u,v,t). Ik 
laat zien dat het transformatiegedrag precies dat van een Jacobivorm wordt als we 



90 Samenvatting 

er een (relatief eenvoudige) correctieterm bij optellen. Deze correctieterm blijkt niet 
holomorf te zijn in (u, v, r), alleen reeel analytisch. Voor bepaalde waarden van (u, v) 
zouden we de Lerch som als functie van t een mock thetafunctie kunnen nocmcn, 
hoewel deze niet expliciet bij Ramanujan voorkomcn. 

In hoofdstuk 2 bekijk ik thetafuncties bij indefiniete kwadratische vormen. Deze 
thctafuncties zijn een aanpassing van een klasse van thetafuncties gei'ntroduceerd door 
Gottsche en Zagier, en lijken op de thetafuncties ingevoerd door Siegel. Voor deze in- 
definiete thctafuncties vind ik clliptisch en modulair transformatiegedrag, analoog aan 
het transformatiegedrag van thetafuncties behorendc bij positicf definietc kwadratische 
vormen. In het geval van positief definicte kwadratische vormen zijn de thetafuncties 
holomorf. De thetafuncties in dit hoofdstuk zijn dat niet. Door specialisatie van de 
parameters is het mogelijk om mock thetafuncties te verkrijgen uit deze indefiniete 
thctafuncties. 

In hoofdstuk 3 bestudeer ik de modulariteit van de Fourier coefficienten van mero- 
morfe Jacobivormen. 

In hoofdstuk 4 gebruik ik het verband tussen mock thetafuncties en de indefiniete 
thctafuncties uit hoofdstuk 2, om deze mock thetafuncties in verband te brengen met 
reeel analytische modulairc vormen. Wc hadden echter even goed de methoden uit 
hoofdstuk 1 of hoofdstuk 3 kunnen gcbruiken om tot hetzelfdc resultaat te komen. 
Niet alle mock thetafuncties vallen in dit kader: Voor een tweetal mock thetafuncties 
van orde 5 zou een uitbrciding van mijn theorie gewenst zijn tot een andere klasse van 
indefiniete kwadratische vormen. 
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